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Abstract 

• We formulate a quantum group analogue of the group of orientation- 

preserving Riemannian isometries of a compact Riemannian spin man- 
ifold, more generally, of a (possibly i?-twisted and of compact type) 
spectral triple. The main advantage of this formulation, which is di- 
rectly in terms of the Dirac operator, is that it does not need the ex- 
istence of any 'good ' Laplacian as in our previous works on quantum 
isometry groups. Several interesting examples, including those coming 
qq | from Rieffel-type deformation as well as the equivariant spectral triples 

\& • on 5{/ M (2) and Sf ic are dicussed. 
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1 Introduction 

Motivated by the formulation of quantum automorphism groups by Wang 
(following Alain Connes' suggestion) (|31j, |32j), and the study of their prop- 
erties by a number of mathematicians (see, e.g. pQ, [2], [5], [33] and refer- 
ences therein), we have introduced in an earlier article (Q3j) a quantum 
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group analogue of the group of Riemannian isometries of a classical or non- 
commutative manifold. In a follow-up article [3] we have also computed 
these quantum groups for a number of examples. However, our formulation 
of quantum isometry groups in [TJ] had a major drawback from the view- 
point of noncommutative geometry since it needed a 'good' Laplacian to 
exist. In noncommutative geometry it is not always easy to verify such an 
assumption about the Laplacian, and thus it would be more appropriate to 
have a formulation in terms of the Dirac operator directly. This is what we 
aim to achieve in the present article. 

The group of Riemannian isometries of a compact Riemannian manifold 
M can be viewed as the universal object in the category of all compact 
metrizable groups acting on M, with smooth and isometric action. More- 
over, assume that the manifold has a spin structure (hence in particular 
orientable, so we can fix a choice of orientation) and D denotes the conven- 
tional Dirac operator acting as an unbounded self-adjoint operator on the 
Hilbert space H of square integrable spinors. Then, it can be proved that a 
group action on the manifold lifts as a unitary represention on the Hilbert 
space H which commutes with D if and only if the action on the mani- 
fold is an orientation preserving isometric action. Therefore, to define the 
quantum analogue of the group of orientation-preserving Riemannian some- 
try group of a possibly noncommutative manifold given by a spectral triple 
(A°° ,7i, D), it is reasonable to consider a category Q' of compact quantum 
groups having unitary (co-) representation, say U, on 7i, which commutes 
with D, and the action on B(7i) obtained by conjugation maps A 00 into 
its weak closure. A universal object in this category, if it exists, should de- 
fine the 'quantum group of orientation preserving Riemannian isometries' of 
the underlying spectral triple. Unfortunately, even in the finite-dimensional 
(but with noncommutative A) situation this category may often fail to have 
a universal object, as will be discussed later. It turns out, however, that if we 
fix any suitable faithful functional on B(TC) (to be interpreted as the choice 
of a 'volume form') then there exists a universal object in the subcategory 
of Q' obtained by restricting the object-class to the quantum group actions 
which also preserve the given functional. The subtle point to note here is 
that unlike the classical group actions on B{TL) which always preserve the 
usual trace, a quantum group action may not do so. In fact, it was proved 
by one of the authors in [15] that given an object (Q,U) of Q' (where Q 
is the compact quantum group and U denotes its unitary co-representation 
on TC), we can find a positive invertible operator R in TL so that the given 
spectral triple is i?-twisted in the sense of |15j and the corresponding func- 
tional tr (which typically differs from the usual trace of B(7i) and can have 
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a nontrivial modularity) is preserved by the action of Q. This makes it quite 
natural to work in the setting of twisted spectral data (as defined in |15j). 

Motivated by the ideas of Woronowicz and Soltan, we actually consider a 
bigger category. The group of orientation-preserving Riemannian isometries 
of a classical manifold, viewed as a compact metrizable space (forgetting 
the group structure), can be seen to be the universal object of a category 
whose object-class consists of subsets (not necessarily subgroups) of the set 
of such isometries of the manifold. Then it can be proved that this universal 
compact set has a canonical group structure. A natural quantum analogue 
of this has been formulated by us, called the category of 'quantum families of 
smooth orientation preserving Riemannian isometries'. The underlying C*- 
algebra of the quantum group of orientation preserving isometries (whenever 
exists) has been identified with the universal object in this bigger category 
and moreover, it is shown to be equipped with a canonical coproduct making 
it into a compact quantum group. 

We discuss a number of examples, covering both the examples coming 
from Rieffel-type deformation as well as the equivariant spectral triples con- 
structed recently on SU^(2) and S^ c . It may be relevant to point out here 
that it was not clear whether one could accommodate the spectral triples on 
SU jl {2) and S^ c in the framework of our previous work on quantum isome- 
try groups, since it is very difficult to give a nice description of the space of 
'noncommutative' forms and hence the Laplacian for these examples. How- 
ever, the present formulation in terms of the Dirac operator makes it easy 
to accommodate them, and we have been able to identify U^(2) and SO M (3) 
as the universal quantum group of orientation preserving isometries for the 
spectral triples on SU^(2) and S^ c respectively (the computations for S^ c 
has been presented in [3]). 

For readers' convenience, let us briefly sketch the plan of the paper. The 
section 2 is devoted to the definition and existence of quantum group of ori- 
entation preserving isometries, which begins with a characteization of the 
group of such isometries in the classical case (subsection 2.1), motivating the 
quantum formulation elaborated in subsection 2.2. The other two subsec- 
tions of section 2 discuss sufficient conditions for ensuring a C* action of the 
quantum group of (orientation preserving) isometries (2.3) and for the exis- 
tence of universal object without fixing a volume form (2.4). Then in section 
3 we study the connections of our approach with that of [14] . Section 4 is 
devoted to the explicit examples and computations, and in the last section 
we skecth a general principle of computing quantum group of orientation 
oreserving isometries of spectral triples obtained by Rieffel deformation. 

We conclude this section with an important remark about the use of the 
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phrase 'orientation -preserving' in our terminology. Let us make it clear that 
by a 'classical spectral triple' we always mean the spectral triple obtained by 
the Dirac operator on the spinors (so, in particular, manifolds are assumed 
to be compact Riemannian spin manifolds), and not just any spectral triple 
on the commutative algebra C°°(M). This is absolutely crucial in view of 
the fact that the Hodge dirac operator d + d* on the L 2 -space of differential 
forms also gives a spectral triple of compact type on any compact Riemannin 
(not necessarily with a spin structure) manifold M, but the the action of the 
full isometry group ISO(M) (and not just the subgroup of orientation pre- 
serving isometries ISO + {M), even when M is orientable) lifts to a canonical 
unitary representation on this space commuting with d + d*. In fact, the 
category of groups acting on M such that the action comes from a unitary 
representation commuting with d + d*, has ISO(M), and not ISO + (M), as 
its universal object. So, one must stick to the Dirac operator on spinors to 
obtain the group of orientation preserving isometries in the usual geometric 
sense. This also has a natural quantum generalization, as we shall see in 
section 3. 

2 Definition and existence of the quantum group 
of orientation-preserving isometries 

2.1 The classical case 

We first discuss the classical situation clearly, which will serve as a motiva- 
tion for our quantum formulation. 

We begin with a few basic facts about topologizing the space C°°(M, N) 
where M, N are smooth manifolds. Let Q be an open set of W 1 . We endow 
C°°(fi) with the usual Frechet topology coming from uniform convergence 
(over compact subsets) of partial derivatives of all orders. The space C°°(Q) 
is complete w.r.t. this topology, so is a Polish space in particular. Moreover, 
by the Sobolev imbedding theorem, Dk>oHk(Q) = C°°(Q) as a set, where 
Hk(Q) denotes the A;-th Sobolev space. Thus, C°°(J7) has also the Hilber- 
tian seminorms coming from the Sobolev spaces, hence the corresponding 
Frechet topology. We claim that these two topologies on C°°(f2) coincide. 
Indeed, the inclusion map from C°°(0) into r\.fffc(f2), is continuous and 
surjective, so by the open mapping theorem for Frechet space, the inverse is 
also continuous, proving our claim. 

Given two second countable smooth manifolds M,N, we shall equip 
C°°(M,N) with the weakest locally convex topology making C°°(M,N) 3 
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(f) i — > f o <p C°°(M) Frechet continuous for every / <G C°°(N). 

For topological or smooth fibre or principal bundles E, F over a second 
countable smooth manifold M , we shall denote by Hom(£, F) the set of 
bundle morphisms from E to F. We remark that the total space of a locally 
trivial topological bundle such that the base and the fibre spaces are locally 
compact Hausdorff second countable must itself be so, hence in particular 
Polish. 

In particular, if E, F are locally trivial principal G-bundles over a 
common base, such that the (common) base as well as structure group G 
are locally compact Hausdorff and second countable, then Hom(i^, F) and 
C(X, Hom(£', F)) are Polish spaces, where X is a compact space. 

We need a standard fact, stated below as a lemma, about the measurable 
lift of Polish space valued functions. 

Lemma 2.1 Let M be a compact metrizable space, B, B Polish spaces (com- 
plete separable metric spaces) such that there is an n-covering map A : B — > 
B. Then any continuous map £ : M — > B admits a lifting £ : M — > B which 
is Borel measurable and A o £ = £. In particular, if B and B are topological 
bundles over M , with A being a bundle map, any continuous section of B 
admits a lifting which is a measurable section of B. 

The proof is a trivial consequence of the selection theorem due to Kuratowski 
and Ryll-Nardzewski ( see [28], Theorem 5.2.1). 

We shall now give an operator-theoretic characterization of the classical 
group of orientation-preserving Riemannian isometries, which will be the 
motivation of our definition of its quantum counterpart. Let M be a compact 
Riemannian spin manifold, with a fixed choice of orientation. We note that 
(see, e.g. [TS]) the spinor bundle S is the associated bundle of a principal 
5pm(ra)-bundle, say P, on M (n=dimension of M), which has a canonical 
2-covering bundle-map A from P to the frame-bundle F (which is an SO{n)- 
principal bundle), such that locally A is of the form (id m ® where A : 
Spin(n) — > SO(n) is the canonical 2-covering group homomorphism. Let / 
be a smooth orientation preserving Riemannian isometry of M, and consider 
the bundles E = Hom(F, f(*(F)) and E = Hom(P, f*(P)) (where Horn 
denotes the set of bundle maps). We view df as a section of the bundle E in 
the natural way. By the Lemma [2. II we obtain a measurable lift df : M — > E, 
which is a measurable section of E. Using this, we define U as follows. Given 
a (measurable) section £ of S = P XspMn) (where A n is as in [18] ), 
say of the form £(m) = \p(m),v], with p(m) £ P m ,v € A n , we define £ by 
£(m) = [df(f~ 1 (m))(p(f~ 1 (m))),v]. Note that sections of the above form 
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constitute a total subset in L 2 (S), and the map £ i-> | is clearly a densely 
denned linear map on L 2 (S), whose fibre- wise action is unitary since the 
Spin{n) action is so on A n . Thus it extends to a unitary U on 7i = L 2 (S). 
Any such U, induced by the map /, will be denoted by Uf (it is not unique 
since the choice of the lifting used in its construction is not unique). 

Theorem 2.2 Let M be a compact Riemannian spin manifold (hence ori- 
entable , and fix a choice of oreientation) with the usual Dirac operator D 
acting as an unbounded self-adjoint operator on the Hilbert space H of the 
square integrable spinors, and let S denote the spinor bundle, with T(S) be- 
ing the C°°(M) module of smooth sections of S. Let f : M — > M be a smooth 
one-to-one map which is a Riemannian isometry preserving the orientation. 
Then the unitary Uf on TC commutes with D and UfM^Uf = M^ /, for 
any (f> G C(M), where denotes the operator of multiplication by (f> on 
L 2 (S). Moreover, when the dimension of M is even, Uf commutes with the 
canonical grading 7 on L 2 (S). 

Conversely, suppose that U is a unitary on TL such that UD = DU and 
the map a v {X) = UXU~ l for X G B(H) maps A = C{M) into L°°(M) = 
A", then there is a smooth one-to-one orientation-preserving Riemannian 
isometry f on M such that U = Uf. We have the same result in the even 
case, if we assume furthermore that C/7 = jU. 

Proof: 

Prom the construction of Uf, it is clear that UfM^Uj 1 = M^ f. Moreover, 
since the Dirac operator D commutes with the <Spm(n)-action on S, we have 
UfD = DU 'f on each fibre, hence on L 2 (5').In the even dimensional case, it 
is easy to see that Spin(n) action commutes with 7, hence Uf does so. 

For the converse, first note that ajj is a unital *-homomorphism on 
L ao (M,dvol) and thus must be of the form ip 1— ► ip o / for some measur- 
able /. We claim that / must be smooth. Fix any smooth g on M and 
consider <p = g o / '. We have to argue that <p is smooth. Let 6d denote 
the generator of the strongly continuous one-parameter group of automor- 
phism Pt(X) = e ttD Xe~ ttD on B{TL) (w.r.t. the weak operator topology, 
say). From the assumption that D and U commute it is clear that ajj maps 
V := Dn>i Dom(5^) into itself, so in particular, since C°°(M) C V, we have 
that a.jj{M<f>) = M^, og belongs to V. We claim that this implies the smooth- 
ness of <f>. Let m G M and choose a local chart (V, ip) at m, with the coordi- 
nates (xi, x n ), such that O = ip(V) G W 1 has compact closure, S\y is triv- 
ial and D has the local expression D = i X)?=i M e j)Yj, where Vj = V a 

dxj 

denotes the covariant derivative (w.r.t. the canonical Levi civita connection) 
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operator along the vector field on L 2 (£l) and fj,(v) denotes the Clifford 
multiplication by a vector v. Now, <p o ip -1 g L°°(fi) C L 2 (Q) and it is easy 
to observe from the above local structure of D that \D,M^\ has the local 
expression ^ • %M a , <g> ju(ej). Thus, the fact G C\ n >i Dom(5^,) implies 

** dxj ™ — 

^o^" 1 G Dom(d jl ...d jk ) for every integer tuples ( Ji , • . - , Jfc ) , G {l,...,n}, 
where cZj := g§-. In other words, <f)o^)~ l g H k (Q) for all A; > 1, where H k (Q) 
denotes the fe-the Sobolev space on f2 (see [21] )• By Sobolev's Theorem (see, 
e.g. (23], Corollary 1.21, page 24) it follows that 0o V" 1 G C°°(Q). 

We note that / is one-one as <j) — > ^ o / is an automorphism of Now, 
we shall show that / is an isometry of the metric space (M, d) , where d is 
the metric coming from the Riemannian structure, and we have the explict 
formula (see [8]) 

d(p,q) = sup^ C oo (Af) j [AM ^||<i|<£(p) - <?K<?)[- 

Since U commutes with D, we have \\[D,M^ of }\\ = \\[D, UM^U*]\\ = \\U[D,M$U* 
\\[D, M^]\\ for every (f>, from which it follows that d(f(p), f(q)) = d(p, q). Fi- 
nally, / is orientation preserving if and only if the volume form (say lo) which 
defines the choice of orientation is preserved by the natural action of df, i.e. 
(df A .... A df) (u) = u) . This will follow from the explicit description of to in 
terms of D, given by (see [23] Page 26, also see [H] ) 

a;(0 o #l-#n) = r(M^ [A%]-[A%]), 
in the odd case and 

w(0O#i...# n ) = r^M^D, M 01 ]...[£>, M^J), 

in the even case where 4>q, 4> n G C°°(M),7 is the grading operator and 
t denotes the volume integral. In fact, t(X) = Lim^o + v _ tD a~, i where 

Lim denotes a suitable Banach limit, which implies t(UXU*) = t(X) for 
all X G j8(?i) (using the fact that D and U commute). Thus, 

u((p o / d((f)i of)... d((j) n o /)) 
= t^UM^ U*U[D, M^p^.-UID, M^JU*) 
= r(U 1 M 4>Q [D,M 4>1 }...{D,M 4>n }U*) 
= T( 1 M^ [D,M 4>1 }...[D,M lj>n }) 
= w(0 o #i— dcj) n ). 
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with the understanding that 7 = / when the spectral triple is odd. □ 
Now we turn to the case of a family of maps. We first prove a useful 
general fact. 

Lemma 2.3 Let A be a C* algebra and u,ujj (j = 1,2,...) be states on 
A such that ujj — > u in the weak-* topology of A*. Then for any separable 
Hilbert space Ti and VFe M(K,(H)®A), we have (id®u j)(Y) -> (id®u)(Y) 
in the S. 0. T. 

Proof: 

Clearly, (id® ujj)(Y) — > (id <S>u>)(Y) (in the strong operator topology) for all 
Y G Fin(7Y) ® a \ g A, where Fin(K) denotes the set of finite rank operators on 
H. Using the strict density of Fm(H) <8>aig -A. in M(K,(Ti) <8> A), we choose, 
for a given Y G M(K(H) ®A), £ £Ti with ||£|| = 1, and 5 > 0, an element 
Y G Fin(K) ®ai g A such that \\(Y - y )(|£ >< CI ® 1)11 < Thus, 

H(id^^)(^-(id^^)(y)eil 

= nod ® ^)(^(ie >< ci ® - 0d ® >< ei ® m\\ 

< iKid^^o^ode >< ei ® - (id® W )(y (ie >< ei ® i))eii 

+ 2||(y-y )(|^><ei®i)|| 

< 11 (id ® ^)(y (ic >< ci ® i)X - ^ ® ^)(y (ie >< ei ® i))eii + 25, 

from which it follows that (id® u>j)(Y) — > (id<g>o;)(y) in the strong operator 
topology. □ 

We are now ready to state and prove the operator-theoretic characteri- 
zation of 'set of orientation preserving isometries'. 

Theorem 2.4 Let X be a compact metrizable space and ip : X x M — > M 
is a map such that ip x defined by tp x (m) = ip(x,m) is a smooth orientation 
preserving Riemannian isometry and x i— > ip x G C°°(M, M) is continuous 
w.r.t. the locally convex topology ofC°°(M,M) mentioned before. 

Then there exists a (C(X)-linear) unitary U^p on the Hilbert C(X)- 
module Ti <8> C(X) such that Vx G X, U x := (id <g> ev x )U^p is a unitary 
of the form U^ x on the Hilbert space Ti commuting with D and \J X M§\J X X = 
U^^-i . If in addition, the manifold is even dimensional, then U^ x com- 
mutes with the grading operator 7. 

Conversely, if there exists a C(X)-linear unitary U on Ti <g> C(X) such 
that U x := (id ® ev x )(i7) is a unitary commuting with D Vx, ( and U x 
commutes with the grading operator 7 if the manifold is even dimensional 
) and (id ® ev x )a u (L oc (M)) C L°°(M) for all x G X, then there exists a 
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map ifi : X x M — ► M satisfying the conditions mentioned above such that 
U = U i> . 

Proof: 

Consider the bundles F = X x F and P = X x P over X x M, with fibres 
at (x,m) isomorphic with (respectively) P m and F m , and where F and P 
are as in Theorem 12.21 Moreover, denote by \P the map from X x M to 
itself given by (x,m) \— ► (x,ip(x,m)), and let P. = C(X, Hom(P, ^*(F))), 
P := C(X, Hom(P, ^*(P))). The covering map from F to M induces a 
covering map from B to P as well. Let cL, : M — > P be the map given by 
^ 1 / ) ( m )l(x,m) = dip x \ m . Then by Theorem 12.11 there exists a measurable lift 
of d^,, say d^, from M into P. Since (m) | ( aim ) G Hom(P m , F^^), it is 

clear that the lift d^m)^^ will be an element of Hom(P m , P^( x ,m))- 

We can identify TL®C (X) with C(X 7i) , and since H has a total set 
J 7 (say) consisting of sections of the form where p : M — ► P is a 

measurable section of P and u G A n , we have a total set T of 7i tg) C(X) 
consisting of .F valued continuous functions from X. Any such function can 
be written as [H, i>] with H : X x M — > P, »£ A n , and H(x,m) G P m , and 
we define £7 on .F by ?/[£,«] = [G,v], 

Q(x,m) = <iim (lilff i (m)) (3(ar 1 ^ 1 (m))). 

It is clear from the construction of the lift that P is indeed a C(X)-linear 
isometry which maps the total set T onto itself, so extends to a unitary on 
the whole of H (g) C(X) with the desired properties. 

Conversely, given U as in the statement of the converse part of the 
theorem, we observe that for each x G X, by Theorem l2.21 (id®ev x )U = U^ x 
for some ip x such that ip x is a smooth orientation preserving Riemannian 
isometry. This defines the map ip by setting ijj(x,m) = ip x (m). The proof 
will be complete if we can show that x *— > ip x G C°°(M,M) is continuous, 
which is equivalent to showing that whenever x n — > x in the topology of X, 
we must have <j) o — > o ^ in the Frechet topology of C°°(M), for any 
4> G C°°(M). However, by Lemma [231 we have (id ® ev Xn )azu{[D, M^]) — > 
(id® eu x )a[/([P, M^]) in the S.O.T. Since P commutes with P, this implies 

(id^e^JiPfgiid, a{/(M^)] -> (id ® ev x )[P <g> id, o^M^,)], 

i.e. 

[D, M^ xn ]i - [£>, M^je in L 2 V ^ G L 2 (5). 
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By choosing <p which has support in a local trivializing coordinate neigh- 
borhood for S, and then using the local expression of D as in the proof of 
Theorem 12.21 we conclude that dk(4> ° ipx n ) - > dk(4>o ip x ) in L 2 (where df. is 
as in the proof of Theorem I2.2[) . Similarly, by taking repeated commutators 
with D, we can show the convergence with dk replaced by dkx--dk m for any 
finite tuple (fei, k m ). In other words, <j) ° ^x n 4> ° tyx m the topology of 
C°°(M) described before. □ 

2.2 Quantum group of orientation-preserving isometries of 
an i?-twisted spectral triple 

We begin by recalling the definition of compact quantum groups and their 

actions from [38], [37]. A compact quantum group (to be abbreviated as 

CQG from now on) is given by a pair (<S, A), where S is a unital separable 

C* algebra equipped with a unital C*-homomorphism A : S — * S®S (where 

<g> denotes the injective tensor product) satisfying 

(ai) (A (g) id) o A = (id <8> A) o A (co-associativity), and 

(aii) the linear span of A(«S)(«S <8> 1) and A(«S)(1 <8> S) are norm-dense in 

S® S. 

It is well-known (see |38j, [37J) that there is a canonical dense *-subalgebra 
<So of <S, consisting of the matrix coefficients of the finite dimensional unitary 
(co)-representations (to be defined shortly) of <S, and maps e : So — ► C (co- 
unit) and k : Sq — > Sq (antipode) defined on Sq which make Sq a Hopf 
*-algebra. 

We say that the compact quantum group (<S, A) (co)-acts on a unital C* 
algebra £>, if there is a unital C*-homomorphism (called an action) a : B — > 
B <gi S satisfying the following : 
(bi) (a <S> id) o a = (id ® A) o a, and 

(bii) the linear span of a(B)(l ® S) is norm-dense in B ® S. 

It is known ( see, for example, [32] , [22] ) that (bii) is equivalent to the 
existence of a norm-dense, unital *-subalgebra Bo of B such that a(Bo) C 
Bo (g> a ig So and on Bo, (id otimese) o a = id. 

We shall sometimes say that a is a 'topological' or C* action to distin- 
guish it from a normal action of Von Neumann algebraic quantum group. 

Definition 2.5 A unitary ( co ) representation of a compact quantum group 
(5, A) on a Hilbert space H is a map U from TC to the Hilbert S module 7i<SiS 
such that the element U G M(JC(H) ® S) given by U(£ <g> b) = f7(£)(l ® b) 
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(£ £ H,b £ S) is a unitary satisfying 

(id® A)U = f/(i 2 )f/(i3), 

where for an operator X £ B{TLi®7i2) we have denoted by X(12) and X(12>) 
the operators X g> I<n 2 € <8> W2 ® W2), and £23^(12)X23 respectively 

(S23 feeing i/je unitary on TL\ ® H2 <8> 'Hi which flips the two copies ofJii)- 

Given a unitary representation U we shall denote by ajj the *-homomorphism 
ajj(X) = U(X ®l)f7* for X £ B{TL). For a not necessarily bounded, densely 
defined (in the weak operator topology) linear functional r on B(7i), we say 
that au preserves r if au maps a suitable (weakly) dense *-subalgebra (say 
T>) in the domain of t into T> <g> a i g S and (r tg) id)(au(a)) = r(a)ls for all 
a £ V. When r is bounded and normal, this is equivalent to (r<8>id)(a[/(a)) = 
r(a)l 5 for all a £ B(H). 

We say that a (possibly unbounded) operator T onTL commutes with U 
if T <£) I (with the natural domain) commutes with U. Sometimes such an 
operator will be called U -equivariant. 

Let us now recall the concept of universal quantum groups as in |33j . 
|31j and references therein. We shall use most of the terminologies of |31j . 
e.g. Woronowicz C* -subalgebra, Woronowicz C*-ideal etc, however with 
the exception that we shall call the Woronowicz C* algebras just compact 
quantum groups, and not use the term compact quantum groups for the dual 
objects as done in [31]. For an n x n positive invertible matrix Q = (Qij). 
let A U (Q) be the compact quantum group defined and studied in [32], [33], 
which is the universal C*-algebra generated by {u^,k,j = l,...,dj} such 

that u := satisfies 

uu* = I n = u*u, u'QuQ^ 1 = I n = QuQ~ v! . (1) 

Here u' = ((uji)) and u = ((u*j)). The coproduct, say A, is given by, 

A(ujj) = ^un, <g> u k j- 
k 

It may be noted that A U (Q) is the universal object in the category of compact 
quantum groups which admit an action on the finite dimensional C* algebra 
M n (C) which preserves the functional M n 3n-> Tr(Q T x),( see [35] ) where 
we refer the reader to [33] for a detailed discussion on the structure and 
classification of such quantum groups. 

In view of the characterization of orientation-preserving isometric action 
on a classical manifold ( Theorem 12.41 ). we give the following definitions. 
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Definition 2.6 A quantum family of orientation preserving isometrics for 
the ( odd ) spectral triple (A°° ,Ti., D) is given by a pair (S,U) where S is 
a separable unital C* -algebra and U is a linear map from 7i to H,® S such 
that U given by [/"(£ <g> b) = U(£)(l <S> b) (£ £ H, b G S) extends to a unitary 
element of M.{K,(Tt) ® S) satisfying the following 

(i) for every state (ft on S we have U^D = DU^, wher U<f, := (id <S> 4>)(U); 

(ii) (id (g) (ft) o au(a) E (A 00 )" Va G .4°° for every state (ft on S, where 
au (x) := U(x <g> 1)U* for x G B(H). 

In case the C* -algebra S has a coproduct A such that (S, A) is a compact 
quantum group and U is a unitary representation of (<S, A) on Ti, we say 
that (S, A) acts by orientation-preserving isometries on the spectral triple. 

In case the spectral triple is even with grading operarator 7, a quantum 
family of orientation preserving isometries (A 00 ,H, D,"f) will be defined ex- 
actly as above, with the only extra condition being that U commutes with 

7- 

From now on, we will mostly consider odd spectral triples. However let 
us remark that in the even case, all the definitions and results obtained by 
us will go through with some obvious modifications. 

Consider the category Q = Q(A°°, H, D) = Q(-D) with the object-class 
consisting of all quantum families of orientation preserving isometries (S, U) 
of the given spectral triple, and the set of morphisms Mor((«S, U), (S' , U')) 
being the set of unital C*-homomorphisms $ : <S — ► S' satisfying (id <8> 
$)(J7) = U'. We also consider another category Q' = Q'(A°°, H, D) = 
Q'(D) whose objects are triplets (5, A, U), where (<S, A) is a compact quan- 
tum group acting by orientation preserving isometries on the given spec- 
tral triple, with U being the corresponding unitary representation. The 
morphisms are the homomorphisms of compact quantum groups which are 
also morphisms of the underlying quantum families of orientation preserving 
isometries. The forgetful functor F : Q' — > Q is clearly faithful, and we can 
view -F(Q') as a subcategory of Q. 

It is easy to see that any object (5, U) of the category Q' gives an equiv- 
ariant spectral triple (A°°,7i, D) w.r.t. the action of S implemented by U. 
It may be noted that recently there has a lot of interest and work (see, for 
example, [6], [9], [12]) towards construction of quantum group equivariant 
spectral triples. In all these works, given a C*-algebra A C B(7i) and a CQG 
Q having a unitary representation U on 7i such that &du gives an action of 
Q on A, the authors investigate the possibility of constructing a (nontrivial) 
spectral triple (A 00 ,H, D) on a suitable dense subalgebra „4°° of A such 
that U commutes with D (g) 1, i.e. D is equivariant. Our interest here is in 



12 



the (sort of) converse direction: given a spectral triple, we want to consider 
all possible CQG represenations which w.r.t. which the spectral triple is 
equivariant; and if there exists a universal object in the corresponding cat- 
egory, i.e Q', we should call it the quantum group of orientation preserving 
isometries. 

Unfortunately, in general Q' or Q will not have a universal object. It is 
easily seen by taking the standard example A°° = M n (C), H = C n , D = I. 
However, the fact that comes to our rescue is that a universal object exists in 
each of the subcategories which correspond to the CQG actions preserving 
a given faithful functional on M n . 

On the other hand, given any equivariant spectral triple, it has been 
shown in [15J that there is a (not necessarily unique) canonical faithful func- 
tional which is preserved by the CQG action. For readers' convenience, we 
state this result (in a form suitable to us) briefly here: 

Proposition 2.7 Given a spectral triple (A°° ,Tt, D) (of compact type) which 
is Q-equivariant w.r.t. a representation of a CQG Q on H, we can con- 
struct a positive (possibly unbounded) invertible operator R on Ti such that 
(A°° ,Tt, D, R) is a twisted spectral data, i.e. 

(a) R commutes with D and Vs G M, 

(b) the map a t— > a s (a) := R~ s aR s gives an automorphism of A°° (not *- 
preserving) satisfying sup sg [_ ra n ] ||cr s (a)|| < oo for all positive integer n; 
and moreover, we have 

(c) au preserves the functional tr (defined at least on a weakly dense *- 
subalgebra Er> of B{7i) generated by the rank-one operators of the form 
|£ >< 77I where £,77 are eigenvectors of D) given by 

tr(x) = Tr(Rx), x G E D . 

Remark 2.8 IfV\ denotes the eigenspace of D corresponding to the eigen- 
value, say A, it is clear that tr(X) = e tx Tr(Re~ tD X) for all X = |£ >< 9*7 1 
with £,17 G V\ and for any t > 0. Thus, the au -invariance of the func- 
tional tr on Er) is equivalent to the ajj -invariance of the functional X 1— > 
T^Xitle - *^ 2 ) on Ed for each t > 0. If, furthermore, the R-twisted spec- 
tral triple is Q-summable in the sense that Re~ tD is trace class for every 
t > 0, the above is also equivalent to the ajj -invariance of the bounded nor- 
mal functional X h- > Tr(XRe~ tD ) on the whole ofB{TL). In particular, this 

implies that au preserves the functional B(7i) 3 x \— * Lim f _^o + ^^ e _ tD , i } 



where Lim is a suitable Banach limit discussed in, e.g 
This motivates the following definition: 



Tr(Re- tD ") 



13 



Definition 2.9 Given an R-twisted spectral triple {A°° ,7i,D,R), a quan- 
tum family of orientation preserving isometries (S, U) of (A°°, T~L, D) is said 
to preserve the R-twisted volume, (simply said to be volume-preserving if R 
is understood) if one has (tr ® id)(otjj(x)) = tr(x)1s for all x G Ed, where 
£d and tr are as in Proposition \2. 1\ We shall also call (S, U) a quantum 
family of orientation-preserving isometries of the R-twisted spectral triple. 

If, furthermore, the C* -algebra S has a coproduct A such that (S, A) 
is a CQG and U is a unitary representation of (S, A) on Ti, we say that 
(5, A) acts by volume and orientation-preserving isometries on the R-twisted 
spectral triple. 

We shall consider the categories Qr = Qr(D) and Q' R = Q' R (D) which 
are the full subcategories of Q and Q' respectively, obtained by restricting 
the object-classes to the volume-preserving quantum families. 

Remark 2.10 We shall not need the full strength of the definition of twisted 



spectral data here; in particular the condition (b) in the Proposition 2. 
However, we shall continue to work with the usual definition of R-twisted 
spectral data, keeping in mind that all our results are valid without assuming 
(b). 

Let us now fix a spectral triple {A°° ,TL,D) which is of compact type. 
The C*-algebra generated by A°° in B(H) will be denoted by A. Let Ao = 
0, Ai, A2, ■ • • be the eigenvalues of D with tyj denoting the (^-dimensional, 
di < 00) eigenspace for Aj. Let {e%j,j = 1, ■■■,di} be an orthonormal basis 
of Vi. We also assume that there is a positive invertible R on Ti such 
that (A 00 ,H, D, R) is an .R-twisted spectral triple. R must have the form 
R\Vi = Ri,say, with Ri positive invertible di x di matrix. Let us denote 
the CQG A u (Rj) by Ui, with its canonical unitary representation on 

R T 

y. £^ (£0^ gi ven by Pi^ij) = eik <8> u k l - . Let U be the free product of 
Ui, i = 1,2, ... and = be the corresponding free product representation 
of IA on 7i. We shall also consider the corresponding unitary element in 
M{K{H) ®U). 

Lemma 2.11 Consider the R-twisted spectral triple (A°°,TC,D) and let 
(S, U) be a quantum family of volume and orientation preserving isometries 
of the given spectral triple. Moreover, assume that the map U is faithful 
in the sense that there is no proper C* -subalgebra S\ of S such that U G 
M.(K,(J~C)®S\). Then we can find a C* -isomorphism <j) : IA /I — > S between S 
and a quotient oflA by a C* -ideal I oflA, such that U = (id®^))o(id®IIx)o/3, 
where IIj denotes the quotient map from U to U/I. 
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If, furthermore, there is a compact quantum group structure on S given 
by a coproduct A such that (S,A,U) is an object in Q' R , the ideal J is a 
Woronowicz C* -ideal and the C* -isomorphism <fi : U /X — > S is a morphism 
of compact quantum groups. 

Proof : 

It is clear that U maps Vi into V^S for each i. Let v^j (j, k = 1, di) be 

the elements of S such that U(eij) = J2k e ik ® v k] ■ Note that Vi := {(v^j)) 
is a unitary in M^.(C) <g> 5. Moreover, the *-subalgebra generated by all 
{Vf!j , i > 0, ,j,k > 1} must be dense in S by the assumption of faithfulness. 

Consider the *-homomorphism «j from the finite dimensional C* algebra 
Ai = M^(C) generated by the rank one operators {|ey >< e^fe|, j, A; = 
1, di} to Ai®S given by a«(y) = U{y® l)?/*!^. Clearly, the restriction of 
the functional on _4j is nothing but the functional given by Tr(i?j •), where 
TV denotes the usual trace of matrices. Since aj preserves this functional 
by assumption, we get, by the universality oilAi, a C*-homomorphism from 

Ui to S sending u^j = to v^j , and by definition of the free product, 
this induces a (7*-homomorphism, say n, from U onto S, so that U/X = S, 
where X := Ker(Il). 

In case S has a coproduct A making it into a compact quantum group 
and U is a quantum group representation, it is easy to see that the sub- 
algebra of S generated by {v^j, i > 0,j, k = l,...,di} is a Hopf algebra, 

with A(v*£j) = J2i v m ® v ij' '■ F rom this, it follows that II is Hopf-algebra 
morphism, hence X is a Woronowicz C*-ideal. □ 

Before we state and prove the main theorem, let us note the following 
elementary fact about C*-algebras. 

Lemma 2.12 Let C be a unital C* algebra and J- be a nonempty collection 
of C* -ideals (closed two-sided ideals) of C. LetXo denote the intersection of 
all X in T , and let px denote the map C/Xq 3x + Xq^x + I 
€ C/X for X £ J-. Denote by Q the set {wopi,! G f, u state on C/I}, 
and let K be the weak-* closure of the convex hull of Q{J(— Jl). Then K 
coincides with the set of bounded linear functionals uj on C/Xq satisfying 
\\uj\\ = 1 and uj(x* + Xq) = oj(x + Xq). 

Proof : 
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We have, by Lemma 4.6 of |14j that for any x £ C, 

sup \\x + T|| = \\x + Iq\\, 

where ||x + T|| = inf{\\x — y\\ : denotes the norm in C/T. Clearly, 

K is a weak-* compact, convex subset of the unit ball {C/Tq)\ of the dual of 
C/Td, satisfying — K = K. UK is strictly smaller than the self-adjoint part 
of unit ball of the dual of C/Iq, we can find a state uj on C/Td which is not 
in K. Considering the real Banach space X = (C/Io)* a and using standard 
separation theorems for real Banach spaces (e.g. Theorem 3.4 of [26J, page 
58), we can find a self-adjoint element x of C such that ||x + Td|| = 1, and 

sup ui'{x + To) < oj(x + To). 

Let 7 £ R be such that sup^/ g ^- oj'{x + To) < 7 < uj{x +To). Fix < e < 
uj(x+Tq) — 7, and let T G T be such that ||x + To|j — f < ||x+T|| < ||x+To||. 
Let 4> be a state on C/T such that ||x + T|| = \4>(x + T)|. Since x is self- 
adjoint, either 4>{x + T) or — <p(x + T) equals ||x + T||, and 4>' := ±<p o pj, 
where the sign is chosen so that cf)'{x + T ) = ||x +T||. Thus, 4>' G K, so 
||x + To|| = (j)'(x + T) < 7 < w(x + To) — e. But this implies \\x + To|| < 
||x +T|| + I < + To) — I < ||x +To|| — e (since a; is a state), which is a 
contradiction completing the proof. □ 

Theorem 2.13 For any R-twisted spectral triple (A°° ,7i, D), the category 
Qr of quantum families of volume and orientation preserving isometries has 
a universal (initial) object, say (G,Uq). Moreover, Q has a coproduct Aq 
such that (G,Aq) is a compact quantum group and (G,Ao,Uo) is a universal 
object in the category Q' . The representation Uo is faithful. 

Proof : 

Recall the C*-algebra hi considered before, along with the map (3 and the 
corresponding unitary (3 G M{K,(7i) ® IX). For any C*-ideal T of U, we 
shall denote by LTj the canonical quotient map from U onto U/T, and let 
Tj = (id ® Uj) o (3. Clearly, Tj = (id <£> ttj) ° (3 is a unitary element of 
M{K.{U) ®U/1). Let T be the collection of all those C*-ideals T of U such 
that (id <g> uj) o ar T = (id <g> uj) o ad^ maps A°° into A" for every state uj 
(equivalently, every bounded linear functional) on XAjX. This collection is 
nonempty, since the trivial one-dimensional C*-algebra C gives an object 
in Q/j and by Lemma 12.111 we do get a member of T. Now, let To be 
the intersection of all ideals in T . We claim that Tq is again a member of 
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T. Indeed, in the notation of Lemma 12,121 it is clear that for a G A°°, 
(id ® <j>) o rj (a) € ^4" for all <fi in the convex hull of f2 |J(— Q). Now, for any 
state ijj on U/Iq, we can find, by Lemma 12.121 a net u>j in the above convex 
hull (so in particular \\u)j\\ < 1 Vj) such that u>(x + Io) = HmjUj(x+Xo) for 
all x G U/Tq . 

It follows from Lemma 12.31 that (id <S> u>j)(X) — » (id (g> w)(X) (in the 
strong operator topology) for all X G M(JC(jk) ®U/Tq). Thus, for a G 
(id ®ui) o adp (a) is the S.O.T. limit of (id ® uji) o adp (a), hence belongs 

to A". 

We now show that {Q := ZY/To,rj ) is a universal object in Q^. To 
see this, consider any object (S, U) of Q^. Without loss of generality we 
can assume U to be faithful, since otherwise we can replace S by the C*- 
subalgebra generated by the elements {v^ } appearing in the proof of Lemma 
12.111 But by Lemma 12.111 we can further assume that S is isomorphic with 
U/Z for some I G J-. Since 2q C Z, we have a C*-homomorphism from 
IA/Iq onto U/T, sending x + Tq to x + 1, which is clearly a morphism in the 
category Q^. This is indeed the unique such morphism, since it is uniquely 
determined on the dense subalgebra generated by {u^- +Tq, i > 0, j,k > 1} 

of g. 

To construct the coproduct on Q = U/2q, we first consider : Ti — > 
given by 

t/ (2) = (rx )(i 2) (rx )(i3), 

where Uij is the usual 'leg- numbering notation'. It is easy to see that (g <S> 
is an object in the category Qr, so by the universality of (£7,Tj ), 
we have a unique unital C*-homomorphism Ao : g — > g <8> satisfying 

(id0A o )(r Jo ) = c/( 2 ). 



^e i/ ^A (vr Jo (ng ) )). 

Comparing coefficients of e^, and recalling that A(ufj) = Y2k u u! ® u kj 
(where A denotes the coproduct on U), we have 

(lTx <g> 7T2o) o A = A o 7Ti (2) 

on the linear span of {u^. , i > 0, j, k > 1}, and hence on the whole of U. This 
implies that Aq mapsZo = Ker(7rj ) into Ker(7Pz- <8>7rx ) = (ZqCEDI + ICEDZo) C 



Letting both sides act on ey, we get 



I 7TX OS) 7TX, 



o) E 



7fc 



<8> it 
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U ®U. In other words, Iq is a Hopf C*-ideal, and hence Q = U/Iq has the 
canonical compact quantum group structure as a quantum subgroup of U. It 
is clear from the relation ([2]) that Ao coincides with the canonical coproduct 
of the quantum subgroup U/Zq inherited from that of U. It is also easy to 
see that the object (Q, A ,Tx ) is universal in the category Q^,, using the 
fact that (by Lemma I2.1ip any compact quantum group (S,U) acting by 
volume and orientation preserving isometries on the given spectral triple is 
isomorphic with a quantum subgroup U/I, for some Hopf C*-ideal 1 of U. 

Finally, the faithfulness of Uq follows from the universality by standard 
arguments which we briefly sketch. If Q\ C Q is a *-subalgebra of Q such 
that Uq C M.(K,(TL) ® Q±), it is easy to see that (Gi, Uq) is also a universal 
object, and by definition of universality of Q it follows that there is a unique 
morphism, say j, from Q to Q\. But the map % o j is a morphism from Q to 
itself, where i : Q\ — > Q is the inclusion. Again by universality, we have that 
i o j = idg, so in particular, i is onto, i.e. Q\ = Q. □ 

Consider the *-homomorphism ao := a Uo, where (Q, Uq) is the universal 
object obtained in the previous theorem. For every state (j) on Q, (id®0) °ao 
maps A into A" . However, in general ao may not be faithful even if Uq is 
so, and let Q denote the C*-subalgebra of Q generated by the elements 
{(/ ® id) o a (a), f G A*,aG A}. 

Remark 2.14 // the spectral triple is even, then all the proofs above go 
through with obvious modifications. 

Definition 2.15 We shall callQ the quantum group of orientation -preserving 
isometries of the R- twisted spectral triple (A°° ,H, D, R) and denote it 
by QISO + R (A°° ,TC, D, R) or even simply as QISO + R {D). The quantum 

group Q is denoted by QISO + R (D). 

If the spectral triple is even, then we will denote Q and Q by QISO R (D, 7) 

and QISO R (D,j) respectively. 

2.3 Stability and topological action 

it is not clear from the definition and construction of QISO R (D) whether 
the C* algebra A generated by A°° is stable under ao in the sense that 
(id ® <p) o ao maps A into A for every (j). Moreover, even if A is stable, 
the question remains whether ao is a C*-action of the CQG QISO R (D). 
Although we could not yet decide whether the general answer to the above 
two questions are afirmative, we should point out that for all the explicit 
examples considered by us so, both these questions do have an affirmative 
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answer. It is perhaps tempting (though a bit too daring at the moment) to 
conjecture that in general, QISOj^ will have a topological, i.e. C* action. 
Indeed, we have quite a few results in this direction. Let us list the cases 
where we are able to prove that QISO^(D) has C*-action: 

(i) For any spectral triple for which there is a 'reasonable' Laplacian in the 
sense of [13]. This includes all classical spectral triples as well as their Rieffel 
deformation ( with R = I ). 

(ii) Under the assumption that there is an eigenvalue of D with a one- 
dimension eigenspace spanned by a cyclic separating vector £ such that any 
eigenvector of D belongs to the span of A°°£, and {a € A 00 : a£ is an eigenvector of D} 
is norm-dense in A ( to be proved in subsection 2.4). 

(hi) Under some analogue of the classical Sobolev conditions w.r.t. a suit- 
able group action on A ( see fT7]). 

.Now we prove the sufficient conditions in (i). 

We begin with a sufficient condition for stability of A°° under uq. Let 
(A°° ,H, D) be a (compact type) spectral triple such that 

(1) „4°° and {[D,a], a € A 00 } are contained in the domains of all powers of 
the derivations [D, •] and [|-D|,-]. 

We will denote by Tt, the one parameter group of * automorphisms 



on B{H) given by T t (S) = e itD Se- itD VS G B{H). We will denote the 
generator of this group by 5. For X such that [D, X] is bounded, we have 
S(X) = i[D,X] and hence 



Then we have the following result, which is a natural generalization of the 
classical situation, where a measurable isometric action automatically be- 
comes topological (in fact smooth). 

Theorem 2.16 (i) For every state (ft on Q, we have (id ® 0) o ao(^4°°) £ 
A" Dn>i Dom(£ n ). (ii) If the spectral triple satisfies the Sobolev condition 
then A°° ( and hence A ) is stable under cto- 




Let us say that the spectral triple satisfies the Sobolev condition if 



A°° = A" p| Dom(5 n ). 



n>l 
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Proof: 

Since Uq commutes with D 



commutes with a 



o 



(id 



/, it is clear that the automorphism group Tj 
I oao, and thus by the continuity of ao in the 



stromg operator topology it is easy to see that, for a G Dom(5), we have 

T t (a$(a)) - aj(a) 

r <t> ( Tt{a)-a 
= hm a„ ) 

= «oW a ))- 

Thus, «q leaves Dom(J) invariant and commutes with 5. Proceeding simi- 
larly, we prove (i). The assertion (ii) is a trivial consequence of (i) and the 
Sobolev condition. □ 

Let us now assume that 
(2) The spectral triple is O-summable, i.e. for every t > 0, e~ tD is trace- 
class. 



Consider the functional t(X) = Limt_>o , e tn -i-> is a ( n °t necessarily faith- 

Tr(e tu ) 

ful or normal) state on B{TL) where Lim is a suitable Banach limit as in [19j . 
Moreover, r is a positive faithful trace on the * algebra, say 5°°, generated 
by A°° and {[-D,a] : a G ^4°°}, which is to be interpreted as the volume 
form( we refer to [19], [H] for the details ). The completion of 5°° in the 
norm of B(7i) is denoted by S. 

From the definition of r, it is also clear that T t preserves r, so extends 
to a group of unitaries on TV := L 2 (5°°,r). Moreover, for X such that 
[D,X] G £>(7~0, in particular for X G 5°°, we have (denoting by 1 1 <z 1 1 2 the 
L 2 -norm r(a*a)2 and the operator norm of B{TL) by || • ||oo) 



T,(X)-X 



t(X*(X - T S (X))) + t((X - T S (X)) )X) 



< 2 



X-T S (X) 



\X\ 



< s\\[D, X^nWXh, 



which clearly shows that s \—* T S {X) is L 2 -continuous for X G <S°°, hence 
(by unitarity of T s ) on the whole of A/", i.e. it is a strongly continuous 
one-parameter group of unitaries. Let us denote its generator by 5, which 
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is a skew adjoint map, i.e. iS is self adjoint, and Tt = exp(tS). Clearly, 
5 = 5 = [D,-] on 5°°. 

We will denote L 2 (A°°,t) C M by H° D and the restriction of 5 to H° D 
(which is a closable map from Ti D to N) by do- Thus, do is closable too. 

We now recall the assumptions made in [13], for definining the 'Lapla- 
cian' and the corresponding quantum isometry group of a spectral triple 
(-4°°, 7i, D), without going into all the technical details, for which the reader 
is referred to [13] . 

The following conditions will also be assumed throughout the rest of this 
subsection: 

(3) .4°° C Dom(£) where C = C D := -d* D d D . 

(4) C has compact resolvent. 

(5) Each eigenvector of C ( which has a discrete spectrum , hence a complete 
set of eigenvectors ) belongs to A°°. 

(6) The complex linear span of the eigenvectors of C, say Aq 3 ( which is a 
subspace of A°° by assumption (5.) ), is norm dense in A°°. 

It is clear that C(A^) C A^ . The *-subalgebra of A°° generated by A™ 
is denoted by Aq. We also note that C = PqCPo, where £ := (i5) 2 (which is 
a self adjoint operator on M) and Po denotes the orthogonal projection in 
M whose range is the subspace TC D . 

Theorem 2.17 Let (A°° ,Tl, D) be a spectral triple satisfying the assump- 
tions (1) — (6) made above. In addition, assume that at least one of condi- 
tions (a) and (b) mentioned below is satisfied: 

(a) A" C H° D . 

(b) a^(A°°) C A°° for every state <f> on Q = QISO+(D). 

Then ao is a C* -action of QISOf(D) on A. 
Proof : 

Under either of the conditions (a) and (b), the map ojq maps A 00 into 
7~(-D Q N (for any fixed (j)). Since Oq also commutes with [D,-] on A°°, it 
is clear that 0^(5°°) C J\f too. In fact, using the complete positivity of the 
map Oq and the ao-i nvar i ance of r, we see that 

r(ag(o) cvq (a)) < T(ctQ{a* a)) = (id (g) (f))(r (8) id)ao(a*a) = r(a*a).l, 
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which implies that «q extends to a bounded operator from TV to itself. Since 
Uq commutes with D, it is clear that «q (viewed as a bounded operator on 
TV) will commute with the group of unitaries Tt, hence with its generator 5 
and also with the self adjoint operator £ = (i5) 2 . 

On the other hand, it follows from the definition of Q = QlSOf (D) that 
(T<g>id)(aoPO) = T ( X ) 1 G for a11 x e in particular for X G S°°, and 

thus the map 5°° <8> a i g Q 3 (a q) i— > ao(a)(l ® g) extends to a (/-linear 
unitary, denoted by W (say), on the Hilbert (/-module TV <g> Q. Note that 
here we have used the fact that for any </>, (id ® 0)(PF)(5°° <8> a ig (?) C TV, 
since Oq{S°°) C TV. The commutativity of ag with Tt for every clearly 
implies that W and ® \dg commute on TV <8> Q- Moreover, Oq maps 7i° D 
into itself, so maps TL° D ® ^ into itself, and hence (by unitarity of W) it 
commutes with the projection Pq®1. It follows that «q commutes with Poj 
and (since it also commutes with C), hence commutes with C = PqCPq as 
well. 

Thus, «q preserves each of the (finite dimensional) eigenspaces of the 
Laplacian C, and so is a Hopf algebraic action on the subalgebra Ao spanned 
algebraically by these eigenspaces. Moreover, the (/-linear unitary W clearly 
restricts to a unitary representation on each of the above eigenspaces. If we 
denote by ((qij))u t j\ the (/-valued unitary matrix corresponding to one such 
particular eigenspace, then by the general theory of CQG representations, 
qij must belong to Go and we must have e(qij) = Sij (Kronecker delta). This 
implies (id(8)e)oQ = id on each of the eigenspaces, hence on the norm-dense 
subalgebra Ao of A, completing the proof of the fact that ao extends to a 
C* action on A. □ 

Combining the above theorem with Theorem 12.161 we get the following 
immediate corollary. 

Corollary 2.18 If the spectral triple satisfies the Sobolev condition men- 
tioned before, in addition to the assumptions 1 — 6, then QISOf(D) has 
a C* -action. In particular, for a classical spectral triple, QlSOf (D) has 
C* -action. 

Remark 2.19 Let us remark here that in case the restriction of r on A°° 
is normal, i.e. continuous w.r.t. the WOT inherited from B(H), then HP D 
will contain A", which is the WOT closure of A°° in B(H), .e. condition 



(a) of Theorem 2.17 (and hence its conclusion) holds. 



Remark 2.20 The results obtained in this subsection can be formulated and 
proved in an R-twsited set-up as well, if the corresponding Laplacian (which 
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is an extension of d* D R do^ R , where d* D R denotes the adjoint of dp = do,R 
w.r.t. the R-twisted volume form) 'exists' and satisfies the analogues of 
the assumptions made in this subsection about Cd- In \J^, we have made 
some computations with such an R-twisted Laplacian arising naturally in 
that context. 

Remark 2.21 In a private communication to us, Shuzhou Wang has kindly 
pointed out that a possible alternative approach to the formulation of quan- 
tum group of isometries may involve the category of CQG which has a 
C* -action on the underlying C* algebra and a unitary representation w.r.t. 
which the Dirac operator is equivariant. We are not sure whether or how 
it is possible to show the existence of a universal object ( even after fixing 
a choice of volume form) in this category; however, if the existence can be 
proved then the universal object will automatically have C* action. 

2.4 Universal object in the categories Q or Q' 

We shall now investigate further conditions on the spectral triple which will 
ensure the existence of a universal object in the category Q or Q'. When- 
ever scuh an universal object exists we shall denote it by QISO + (D), and 
denote by QISO + (D) its largest Woronowicz subalgebra for which ajj on 

A°° (where U is the unitary representation of QISO + (D) on Tt) is faithful. 

Remark 2.22 If QISO + {D) exists, by }15\j . there will exist some R such 
that QISO + {D) is an object in the category Q' R (D). Since the universal ob- 
ject in this category, i.e. QISO + R {D), is clearly a sub-object of QISO + (D), 
we have QISO + (D) S QISO+ R (D) for this choice of R. 

Let us state and prove a result below, which gives some sufficient condi- 
tions for the existence of QISO + (D). 

Theorem 2.23 Let (A°° ,H, D) be a spectral triple of compact type as be- 
fore and assume that D has an one- dimensional eigenspace spanned by a 
unit vector £, which is cyclic and separating for the algebra A°° . Moreover, 
assume that each eigenvector of D belongs to the dense subspace A 00 !; ofTi. 
Then there is a universal object, (G,Uq). Moreover, Q has a coproduct Aq 
such that (Q, Aq) is a compact quantum group and (Q, Aq, Uq) is a universal 
object in the category Q'. 
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We will denote by Q the Woronowicz C* subalgebra of Q generated by 
elements of the form ((£ ® l)at/ (a), r] <g> 1) where £,77 £ Ti,a E A°° and 
(., .} denotes the Q valued inner product ofTL®Q. We have Q = Q * C(T). 

Proof: 

Let Vi, {eij} be as before, and by assumption e^- = for a unique Xij £ 
-4°°. Clearly, since £ is separating, the vectors {e^y = = 1 , . . . , (ii } 

are linearly independent, so the matrix Qi = (({e~ij,eik))^ k=1 is positive and 
invertible. Now, given a quantum family of orientation-preserving isometries 
(S, U), we must have ® 1) = £ ® g, say, for some g in 5, and from the 
unitarity of U it follows that q is a unitary element. Moreover, U leaves Vi 
invariant, so let U(eij (8) 1) = ejfc (g) ujy . But this can be rewritten as 

at/Oij)(£ ® ?) = E Xifc ^ ® 4j • 

Since £ is separating and q is unitary, this implies ajj{xij) = x^^v^q* , 
and thus we have 

C/(e^ 1) = M^)^ ®g) = ^ ** fc £ ® <? 2 (4?)* = E^i® l\ v kjT- 

k k 

Taking the S- valued inner product (•, ■)$ on both sides of the above ex- 
pression, and using the fact that U preserves this <S- valued inner product, 
we obtain Qi = v[QiVi (where v% = ((ujy ))). Thus, Q~ 1 v' i Qi must be the 
(both-sided) inverse of uj. Thus, we get a canonical surjective morphism 
from A u (Qi) to the C* algebra generated by v^. This induces a surjective 
morphism from the free product of A u (Qi), i = 1,2, ... onto S. The rest of 
the arguements for showing the existence of Q will be quite similar to the 
arguements used in the proof of Theorem 12.131 hence omitted. It is also 
quite obvious from the proof that Q = Q * C*(q) = Q * C(T). □ 

Remark 2.24 Some of the examples considered in the next section will 
show that the conditions of the above theorem are not actually necessary; 

QISO (D) may exist without the existence of a single cyclic seperating 
eigenvector as above. 

Let (A°°, H, D) be a spectral triple satisfying the conditions of the above 
theorem. 

Let the faithful vector state corresponding to the cyclic separating vector 
£ be denoted by r. Let A^ = spanja E .4°° : a£ is an eigenvector of D} 
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Moreover, assume that A^ is norm dense in A°°. 
Let D : A^ —* A^ be defined by : 
D(a)£ = D(aQ 

This is well defined since £ is cyclic separating. 

Definition 2.25 Let A be a C* algebra and A°° be a dense * subalgebra. 
Let (A°° ,7i, D) be a spectral triple as above. 

Let C be the category with objects (Q, a) such that Q is a compact quan- 
tum group with an action a on A such that: 

1. a is t preserving ( where r is above ), i.e, (r ® id)a(a) = r(a).l 

2. a maps A^ inside A^ 3 <S> a ig Q- 

3. aD = (D® I)a. 

Corollary 2.26 There exists a universal object Q of the category C and it is 
isomorphic to the Woronowicz C* subalgebra Q = QLSO + (D) of Q obtained 
in Theorem \2~23\ 

Proof : 

The proof of the existence of the universal object follows verbatim from 
the proof of Theorem 4.7 in [14] replacing C by D and noting that D has 
compact resolvent. We denote by S the action of Q on A. 
Now, we prove that Q is isomorphic to Q. 

Each eigenvector of D is in A 00 by assumption. It is easily observed 
from the proof of Theorem 12.231 that ctjj maps the norm-dense *-subalgebra 
^lo°° into -4o°° ®aig Go, and (id ® e) o au = id, so that au is indeed an 
action of the CQG Q. Moreover, it can be easily seen that r preserves au 
and that ajj Q commutes with D. Therefore, (G, «t/ ) £ Obj(C), and hence G 
is a quantum subgroup of Q by the universality of Q. 

For the converse, we start by showing that a induces a unitary represen- 
tation W of Q*C(T) on 7i which commutes with D, and the corresponding 
conjugated action aw coincides with a. 

Define W(a£) = S(a)(£)(l®g*)Va € A^ where q is a generator of C(T). 

Since we have (r (g> id)a(a) = r(a).l, it follows that W is a (Q * C(T)- 
linear) isometry on the dense subspace A^Z, (8> a i g Q and thus extends to 
Ti® Q* C(T) as an isometry. Moreover, since a(A)(l ® Q) is norm dense 
in A ® Q (by the definition of a CQG action) it is clear that the range of W 
is dense, so W is indeed a unitary. It is quite obvious that it is a unitary 
representation of Q * C(T). 
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We also have, 



WD(aO 

= W(D(a)0 = Z(B(a))(0(l®q*) 

= (£)®J)(S(o)0(l®g*) = (D®I)W(a£), 

i.e. W commutes with D. 

It is also easy to observe that aw = 2. This gives a surjective CQG 
morphism from Q = Q*C(T) to Q*C(T), sending Q onto Q, which completes 
the proof. 

□ 



3 Comparison with the approach of | |14J based on 
Laplacian 

Throughout this section, we shall assume the set-up of subsection 2.3 for 
the existence of a 'Laplacian', including assumptions 1 — 6. Let us also use 
the notation of that subsection. 

As in [T3], we say that a CQG (S, A) which has an action a on A 
is said to act smoothly and isometrically on the noncommutative manifold 
(A°°,n,D) if (id(g)(f))oa(A^) C A^ for all state on S, and also (id<g>0)oa 
commutes with the Laplacian C = Co on A^. One can consider the cate- 
gory Q Cd of all compact quantum groups acting smoothly and isometrically 
on A, where the morphisms are quantum group morphisms which intertwin 
the actions on A. We make the following additional assumption throughout 
the present section: 

(7) There exists a universal object in Q^ D (i.e. the quantum isometry 
group for the Laplacian C = Cd in the sense of [33]), an< ^ ^ is denoted by 
Q c = Q Cd 



Remark 3.1 It is proved in \1$ that that under the additional 'connect- 
edness assumption ' ( the kernel of C is one dimensional, spanned by the 
identity 1 of A°° viewed as a unit vector in 7~L Q D ), the category Q c has a 
universal object, say Q c , called the quantum isometry group in [T^i - In 
it was also shown ( Lemma 2.5, b ^ a ) that for an isometric group action 
on a classical manifold ( not necessarily connected ), the volume functional 
is automatically preserved. It can be easily seen that the proof goes verbatim 
for a quantum group action. As this volume preserving condition implies 



26 



the existence of Q D , for a classical manifold ( not necessarily connected ) 
0,^° always exists. 

The following result now follows immediately from Theorem l2.17l of sub- 
section 2.3. 

Corollary 3.2 QlSOf (D) is a sub-object of Q Cd in the category Q c °. 
Proof: 

The proof is a consequence of the fact that QlSOf (D) has the C*-action ao 
on A, and the observation already made in the proof of the Theorem 12.171 
that this action commutes the Laplacian Cry- □ 

We recall the Hilbert space of forms from [19J. Given the spectral 
triple (A°°, TC, D), consider the Hilbert space TL d + d * = ©Wjr,, ( we re- 
fer to [19] for the definition and other details ) and the densely defined 
self adjoint operator d + d* on it. There is a representation of A on this 

Hilbert space given by ir d+d * (a)([a d D ai d D (a k )]) = [aaod D ai d D (a k )\. 

where [a^doai drj{a k )] denote the class of aod^ai dr>{a k ) in ^l k D {A°°) = 

^D{^k{A°°)) / J k +5{J k ^i) where 5, J k is as in Page 124, [E]. Then (A 00 , H d+d * , d+ 
d*) is another spectral triple. We assume that this is of compact type, i.e. 
d + d* has compact resolvents. 

We will denote the inner product on the space of k forms coming from 
the spectral triples (A°°, 7i, D) and (^4°°, H d+d *, d+d*) by ( , ) w fe and 
( , )- H k respectively, k = 0,1. 

We will denote by 7Td, n d+d * the representations of .4°° in TC and TL d+d * 
respectively. 

Let U d+d * be the canonical unitary representation of QlSOf {d + d*) on 
Ti-d+d* ■ 

TL d+d * breaks up into finite dimensional orthogonal subspaces corre- 
sponding to the distinct eigenvalues of A := (d + d*) 2 = d*d + dd* . It is 
easy to see that A leaves each of the subspaces 7i l D invariant, and we will 
denote by V\ ; i the subspace of TL l d+d * spanned by eigenvectors of A corre- 
sponding to the eigenvalue A. Let {e^A.ilj be an orthonormal basis of V\^. 
Note that Cjj is the restriction of A to TL® D . 

Now we recall the result of Section 2.4 of [H]. It was shown there 
that Q^ has a unitary representation U = Uc on Ti d+d * such that U 
commutes with d + d*. Thus (A°°, Tt d + d *, d + d*) is a Q Cd equivariant 
spectral triple. It follows from the construction in p3] that Q Cn is a quotient 
( by a Woronowicz C* ideal ) of the free product of countably many Wang 
algebras of the type A U (I), and hence is a compact quantum Kac algebra. 
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Thus, it has tracial Haar state, which implies, by Theorem 3.2 of [15], that 
a\j keeps the functional tj invariant. Thus, we have: 

Proposition 3.3 {Q c ° , U c ) is a sub object of {QlSOj (d + d*), U d+d *) in 
the category Q/(d + d*), so in particular, Q Cd is isomorphic to a quotient 
of QISO^(d + d* ) by a Woronowicz C* ideal. 

We shall give (under mild conditions) a concrete description of the above 
Woronowicz ideal. 

Let 1 be the C* ideal of QISOj{d + d*) generated by 

u Ae CT (A){((- p d L ® id)U d+d *(e j x ),e j xi> ® 1^ : > 1}, 

where Pq is the projection onto 7i° D and (., .) denotes the QlSOf (d + d*) 
valued inner product. 

Since U d+d * keeps the eigenspaces of A = (d + d*) 2 invariant, we can 
write 

U{ej\o) = ek\o <S) qkj\o + efc'Ai' ® Qk'jXi', 
k iyo,fe' 

for some g^ A0 , tffc'iAi' G QISOf(d + d*). 
We note that qk'jw G X if 7^ 0. 

Lemma 3.4 Z is a co-ideal of QlSOf (d + d*). 

Proof : 

It is enough to prove the relation A (J) G l®QISOj(d + d*) + QISOj(d + 
d*) <S>Z for the elements in X of the form ((Pq -1 ® id)U d+d * (e-jxo), ejAi ® l) • 
We have: 

A(^(P ± ® id)U d+d *{e m xo),ejXi ® l)) 
= {(Pj- ® id)(id ® A)L/ d+d .(e mA o),e j Aio 

= ^(Pq- 1 ® i(i)C/( 12 )C/(i3)(e m Ai)> e iAio ® 1 ® l) 



(Pq- 1 (g) id)U( l2 ) e k\o ®1<8> qkmxo) , ejxi <8> 1 <8> 1 
k 
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(8)1®1 



X)((- P 0"®^)( e it'AO®gfc'fcAO < 2)QfcmAo) , e jA i ® 1 ® 1 
fc.fc' 



i'YO, fc, fc' 



'Ai' <8> <7Z'ZAi' ® QlmXi') ; e jXi <8> 1 <8> 1 

iVO, J, Z' 



+ ^ ((fo 1 ® id )( e l"Xi" ® <?Z"ZAi" ® ffi m Ai') , e iA i ® 1 ® 1 



^ (e fc »Ai' ® Qk"kXi' ® QkmXO , CjXio ® 1 ® 1) 



+ ^' Ai ' ® gnAi ' 18 qimXi ' ' e ^' Ai o ® 1 ® X ) 

iVO, J, Z' 



+ ^2 (ei»xi" ® <?Z"ZAi" ® gjmAi' , e^Aio ® 1 ® 1) 

iYO, t'Vi'j »'V0, J, J" 

61® QISOj{d + <f) + QISOj{d + d*) <g> J ( as g fcjAi / G Z if i' ^ 0) □ 

Theorem 3.5 Ifajj d+d „ is aC* action on A, then we have Q c ° = QISOf(d+ 
d*)/l. 

Proof : 

By Proposition 13.31 we conclude that there exists a surjective CQG mor- 
phism vr : QISOj(d + d*) -> By construction( Section 2.4 in [14] ), 
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the unitary representation Uc of Q Cd preserves each of the Tijj, in partic- 
ular HP D . It is then clear from the definition of X that tt induces a sur- 
jective CQG morphism (in fact, a morphism in the category Q^(c? + d*)) 
tt' : QlSOf {d + d*)/l -»■ Q c °. 

Conversely, if V = (id<8>/9j) o U d+d * is the representation of QISO~j~(d + 
d*)/lonH d+d * induced by U d+d * (where p x : QISOf(d+d*) -► QISOf{d+ 
d*)/I denotes the quotient map), then V preserves 7i° D (by definition of X), 
so commutes with Pq. Since V also commutes with (d + d*) 2 , it follows that 
V must commute with (d + d*) 2 Po = C, i.e. 

F(<f d P ® 1) = (d*dP ® 

It is easy to show from the above that Qy (which is a C* action on A since 
a u d +d* ^ s so ^ assumption) is a smooth isometric action of QlSOf (d+d*)/I 
in the sense of [2], w.r.t. the Laplacian C. This implies that QlSOf (d + 
d*)/T is a sub-object of in the category Q £ , and completes the proof. □ 

Now we prove that under some further assumptions which are valid for 
classical manifolds as well as their Rieffel deformation, one even has the 
isomorphism Q c ° ^ QISOf(d + d*). 

We assume the following: 

(A) Both the spectral triples (A°°, H, D) and (.4°°, H d+d *, d + d*) 
satisfy the assumptions (1) — (7), so in particular both Q^ D and Q^ D ' exist 
(here D' = d + d*). 
(B) 

(a, b) H o = (a, b) H o 

and 

(dpa, dob}^ = (dpi a, dD'b) n i Va, b € A°°. 

Remark 3.6 For classical compact spin manifolds these assumptions can be 
verified by comparing the local expressions of D 2 and the 'Hodge Laplacian' 
(D 1 ) 2 in suitable coordinate charts. In fact, in this case, both these operators 
turn out to be essentially same, upto a 'first order term', which is relatively 
compact w.r.t. D 2 or (D') 2 . 

From assumption (B), we observe that the identity map on A °° extends 
to a unitary, say E, from Ti° D to H^t. Moreover, we have 

from which the following follows immediately: 
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Proposition 3.7 Under the above asumptions, Q Cd = Q Cd ' 

We conclude this section with the following result, which identifies the 
quantum isometry group Q D of p3] as the QlSOf of a spectral triple, and 
thus, in some sense, acommodates the construction of [14J in the framework 
of the present article. 

Theorem 3.8 If in addition to the assumptions already made, (A°° ,7i£>i , D') 
also satisfies the conditions of Theorem 2.17, so that QISO^(D') has a C*- 
action, the we have 

Q c d QISOf(D') S Qf~ D ' . 

Proof : 

By Proposition 13.31 that we have Qf~ D is a sub-object of QlSOf {D') in the 
category Q'j(D'). On the other hand, by Theorem l2.17l we have QlSOf (D') 
is a sub object of Q^ ' in the category Q £ °'. Comining these facts with the 
colclusion of Proposition 13.71 we get the required isomorphism. □ 

Remark 3.9 The assumptions, and hence the conclusions, of this section 
are valid also for spectral triples obtained by Rieffel deformation of a classical 
spectral triple, to be discuused in details in section 5. 

4 Examples and computations 

4.1 Equivariant spectral triple on SU^{2) 

Let \i € [—1,1]. Then SUu(2) is defined as the universal unital C* algebra 
generated by a, 7 such that : 

a*a + 7*7=1 (3) 

era* + /i 2 77* = 1 (4) 

77* = 7*7 (5) 
fi'ya = 07 (6) 
/i7*a = 07* (7) 
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Let H = L 2 (SU^(2)) be the G.N.S space of S77 M (2) with respect to the 
Haar state h. 

For each n G {0, 1/2, 1, }, there is a unique irreducible representation 

T n of dimension 2n + 1. Denote by i^- the ij th entry of T ra . They form an 
orthogonal basis of Tt. Denote by e?- the normalized % s so that {efj : n = 
0, 1/2, 1, = —n, —n + 1, n} is an orthonormal basis. 

Consider the spectral triple on SU tl {2) constructed by Chakraborty and 
Pal ( [6j ) and also discussed thoroughly in [9] which is defined by («4°°, H, D) 
where A°° is the linear span of tfj s, and D is defined by : 

= (2n + l)e™-, n + i 
= -{2n + l)efj, n = i 

Here, we have a cyclic separating vector ( 2 ), and the corresponding 
faithful state is the Haar state h. Therefore, an operator commuting with D 

( equivalently with D ) must keep V\ := Spanjt^- : j = —I, /} invariant 

V fixed I and i where D is the operator as in Section 2.3. 

In the notation of Corollary 12.261 , we have *4q° = span{t\ • : I = 

0, 1/2, }. = A°° in this case. All the conditions of Theorem 12.231 and 

Corollary 12.261 are satisfied. Thus, the universal object of the category C 
exists ( notation as in Corollary 12.261 ) and we denote it by Q. 

We recall from |20| that 

t 1/2 - a t 1/2 - -uV t 1 ' 2 - -y t 1/2 - a* (8) 

-1/2 -1/2 — C -l/2,l/2 — r I ' r l/2 -1/2 — '' r l/2,l/2 — " 

Moreover, if f n ^ = a n ^a n ~ l ~j* n+t ( where a n> i s are some constants as in 

pO] ) then {f n> i : n = 0, |, 1, |, , — n < i < n} is an orthonormal basis 

of SU„(2). 

Now, f n+ i j = c(n,i)af n i+ i for some constants c n ^. Applying the co- 
product on both sides and then comparing coefficients, we have the following 
recursive relations. 



l+X/2 
'M+l/2 

= c u {i,l)i 1/2 ^* + c 12 (i, 04-1/2,^*. -1 + 1/2 <i< I -1/2 

= c 2l (i, 07*4+1/2,/ i = -l- 1/2 

= c 31 (i,l)a* i = 1 + 1/2 

(9) 
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For j < I, 



i+l/2 

= c(l, i, j)at -+1/2J+1/2 + c '(h i, jhi-i/2, j+ i/2 -1 + 1/2 <i< 1-1/2 
= d(l,j)at_ ld+1/2 + d!(l,j)>y*1*_ ltj _i i = -1-1/2, -l + \<j<l-\ 

= d"(l,j)at l i+1/2j+1/2 i = -l- 1/2, j = -l-l 
= e(lJ) 1 tl_ y2d+1/2 + e\lJ)aH l i _ 1 _ j _, i = 1 + 1/2; 

(10) 

where C pq (il),c(l, d(l,j), d\ j,d"(l,j),e(l,j), e'(l,j) are all complex num- 
bers. 

Lemma 4.1 Given a CQG Q with an action $ on A, the following are 
equivalent : 

1. (Q,$)€Obj(C) 

2. The action is linear, i.e, V*y 2 ( equivalently ,V^j 2 ) is invariant 

1/2 

under $ and the representation obtained by restricting $ to V ± j 2 is a unitary 
representation. 

3. <3? is linear and Haar state preserving. 

4- <3? keeps V/ invariant for each fixed I and i. 

Proof : 

1. =>■ 2. Since $ commutes with D, <J> keeps each of the eigenspaces of D 

1/2 

invariant and so in particular preserves V_y 2 ; i- e ^ i s linear. The condition 
that (h®id)& = h(-).l implies that the corresponding representation induces 
a unitary. 

2 => 3. By linearity, write <E>(a) = a® X + 7* ®Y and $(7*) = a <g> Z + 
7* OPT. 

Firstly, <&-invariance of Spanjt^-} for k = and k = \ follow from 
linearity and the fact that $(1) = 1. 

Next, we show that keeps span{t\- : i,j = —1,0, 1} invariant. 
We recall that tjj is given by the matrix: 

a* 2 ~{fi 2 + 1)q*7 -^7 2 \ 
7*a* 1 - (p? + 1)7*7 07 

-fij* 2 -(^ 2 + !)7*" « 2 / 
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By inspection, we see that ^(V^ 1 ) C <S> Q for i = — 1, 1. 

Hence, it is enough to check the <3?-invariance for a'j and 1 — (fi 2 + 1)7*7. 

Comparing coefficients in $(07), we can see that it belongs to Vq if and 
only if XZ* + YW* = 0. Similarly, in the case of 1 — (p? + 1)7*7, we nave the 
condition Z Z* + WW* = 1. But these conditions follow from the unitarity of 

(X* Z* \ 
Y* W* ) ' w ^i cn * s n °t mn § but the matrix corresponding 

to the restriction of <I> to Vy^. Thus, $ keeps Spanji^- : i,j = —1,0,1} 
invariant. 

Moreover, by using the recursive relations (El), (DUl) and the following 
multiplication rule ( see [20] ), 

= zZ c k (l,i,j,i',j')t k i+i , j+ ,, 

fc=-|/-l/2|, 1+1/2 

(ck(l, i,j, are scalars) we can easily observe that V/ > 3/2, <£(V^ +1 ^ 2 ) C 

y/" 1/2 e vf 1/2 . 

Using thse observations, we conclude that for t| • that maps Span{i^- : 
Z > 1/2} into itself. 

So, in particular, Ker(h) = span{Vj,i = —I,,,, I, I > 1/2} is invariant 
under $ which ( along with $(1) = 1 ) implies that <3? preserves h. 

3. 4. 

We proceed by induction. The induction hypothesis holds for I = ^ 
since linearity means that span {0,7*} is invariant under $ and hence span 
{a*, 7} is also invariant. The case for I = 1 can be checked by inspection 
as in the proof of 2 =^> 3. Take the induction hypothesis that $ keeps 
invariant for all k,i with k < I. Prom the proof of 2 => 3 we also have 

VZ > §, $(V- +1/2 ) C V*~ 1/2 © V- +1/2 , by using linearity only. Thus, $ 

1-- l+- 

leaves invariant the Hilbert Q module (V i 2 © V i 2 ) ® Q, and is a unitary 

~ . i- 1 

there since $ is Haar-state preserving. Since leaves invariant V i 2 ® Q 

i+- 

by the induction hypothesis, it must keep its orthocomplement, i.e. V; L 2 
invariant as well. 

4. 3. 

The fact that $ keeps invariant for I = 1/2 will imply that is linear. 
The proof of haar state preservation is exactly the same as in 2 3. 

4=>1. 
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That <3? preserves the Haar state follows from arguments used before. 
Since = Spanji' ■ : I > 0, i,j = —I, /}, and $ keeps V\ invariant it 

is obvious that C .A°° ® alg Q and <$>D = (D ® id)$. 



We now introduce the compact quantum group U^(2). ( We refer to [20] 
for more details ) 

Definition 4.2 As a unital C* algebra, U^(2) is generated by 4 elements 
un,ui2,U2i,U22 such that: 

U11U12 = nui2Un,unU2i = ^21^11,^12^22 = ^22^12,^21^22 = ^22^21, U12U21 = 
U21U12, U11U22 — U22U11 = (/i — H~ 1 )ui2U2i and the condition that the matrix 



Remark 4.3 Let the quantum determinant be defined by = u\\U22~ 
HU12U21 = U22UW - \T x unun- Then, D^D^ = D^D^* = 1. Moreover, 
belongs to the centre of '11^(2) . 

By Lemma 14.14 we have identified the category C with the category of 
CQG having actions on SU^(2) satisfying 3. of Lemma l4.1[ Let the universal 
object of this category be denoted by (Q,T). 

Then by linearity we can write: 



r( 7 *) = a®C + j*®D 

Now we exploit the homomorphism condition of T to get relations be- 
tween A, B, C, D. 

Lemma 4.4 



□ 




The CQG structure is given by A(iijj) = ^2k = i 2 u ik <8> Ukj,n(uij) 

Uji , e(lijj') — 5ij. 



r(a) 



a <g> A + 7* ® B 



A* A + CC* = 1 



(11) 
(12) 

(13) 

(14) 



A* A + fi 2 CC* = B*B + DD* 
A*B = -fiDC* 
B*A = -fiCD* 
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Proof : 

The proof follows from the relation (O) by comparing coefficients of 1, 7*7, a* 7* 
and 07 respectively. □ 

Lemma 4.5 

AA* + /i 2 CC* = 1 (15) 
BB* + fi 2 DD* = n 2 \ (16) 
BA* = -fj?DC* (17) 

Proof : 

From the equation ( H] ) by equating coefficients of 1 and 0*7*, we get re- 
spectively ( [15] ) and ( [T7] ) whereas ( [16] ) is obtained by equating coefficients 
of 7*7 and using ( [TBI ). 
□ 

Lemma 4.6 

C*C = CC* (18) 
(1 — fj, 2 )C*C = D*D - DD* (19) 
C*D = [iDC* (20) 

Proof : 

The proof follows from the equation ([5]) from the coefficients of 1, 7*7, a* 7*, 
respectively. □ 

Lemma 4.7 

- [i 2 AC* + BD* - fiD*B + fj,C*A = (21) 

AC* = fiC*A (22) 
BC* = C*B (23) 
AD* = D* A (24) 

Proof : 

The proof follows from the equation ([6]) from the coefficients of 7*7, 1, a* 7* 
and 07 respectively. □ 

Lemma 4.8 

AC = fiCA (25) 

BD = fiDB (26) 

AD - nCB = DA- fi^BC = (27) 
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Proof : 

The proof follows from ([7]) from the coefficients of a 2 , 7* 2 , 7*0 respectively. 
□ 



Now we consider the antipode, say n. 

From the condition (h®id)T(a) = h(a).l, we have that T gives a unitary 
representation of the compact quantum group via T(a q) = T(a)(l <S> q)- 
Now, the restriction of this unitary representation to the orthonormal 

basis {a,^~ 1 7*} is given by the matrix : ^ 



Similarly, with repect to the orthonormal set {a*, 7} ,this representation 

A* C* 



is given by the matrix: . 
Thus, we have, 

k(A) = A*, k(D) = D*, k{C) = fJ,~ 2 B*, k{B) = fi 2 C*, k(A*) = 
A, k{C*) = B, k{B*) = C, k(D*) = D. 

Now, we apply k to the above equations to get the following additional 
relations. 

Lemma 4.9 

AB = fiBA (28) 
CD = fiDC (29) 
BC* = C*B (30) 

Proof : 

(131), (ESI), (KB) follow by applying k to the equations (ES), (122) and 
( [23] ) respectively. 

Lemma 4.10 The map <p : U^{2) — > Q defined by <t>(u\i) = A, <j)(u\2) = 
IjlC, (j>(u2i) = H~ 1 B, 4>{u22) = D is a * homomorphism. 

Proof : 

It is enough to check that the defining relations of J7„(2) are satisfied. 

1. (p(u u u 12 ) = (p(fiu 12 u u ) & <P(un)<P( u i2) = M<K u i2)0(«n) & A{p,C) = 
n{liC)A AC = fiCA which is the same as (1251). 

2. 4>{uuu 2 i) = <f>(jiU2iuii) A(n~ l B) = ^i{^ l B)A AB = \xBA 
which is the same as equation ( [28] ) . 

3. 4>(u\2^22) = ^(^22^12) ^ fJ>CD = fj,D(fj,C) 44> CD = fiDC which is 
the same as equation ( [29] ) . 
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4. 4){u2\U22) = 4>(fJ-U22U2i) & \l~ x BD = [iD\T x B 4^ BD = 11DB which 
is the same as equation ( [26] ) . 

5. <j)(ui2U2i) = 0(1*211*12) iiCyr x B = \T x BnC ^ CB = BC. 

Now, BC* = C*B from equation ( [30] ). But from ( Ql ), C is normal, 
hence BC = CB. 

6. 0(lillU 2 2 - 1*221*11 ) = (M - M _1 )^(lil2li2l) ^B - BA = (fl - 

fi-^fiC^B. 

From ( we have AB — DA = //CB - \T X BC. 

But BC* = C*B from ( GHH ) and C is normal from ( QE ). Hence 
BC = CB. Hence AD-DA=(/j,- ^- l )CB holds. 
□ 

Lemma 4.11 There is aC* action^ of 11^(2) onSU^{2) such that (<7 M (2),*) 6 
Obj(C). 

Proof : 

Define a * homomorphism \& on SU^{2) by 

^(a) = a ® «ii + 7* <g) /in 2 i 

^(7*) = a <8> /i _1 iii 2 + 7* ® 1*22 

The homomorphism conditions are exactly the conditions ( [H] ) - ( [23 ) 
with A, B, C, B replaced by un, /*ti*2i, /** _1 i*i2 and 1*22 respectively. We check 
one of the relations and remark that the proof of the others are exactly 
similar. We prove (HH) i.e, un*un + (/^ _1- ui2)(^ 1- "i2)* = 1. 

Using the fact that is a central element of U^(2), we have the left 
hand side = U22D~ x u\\ +^- 2 ui 2 (-/i«2iB~ 1 ) = (u 22 tin - ^ 1 ui2U 2 i)Dj l 1 = 

D^D^ 1 = 1 = right hand side. 

1/2 

Clearly, ^ keeps span V_y 2 invariant and the corresponding representa- 
tion is a unitary. 

Hence, by LemmaEl (1^(2),*) € Obj(C). 
□ 

Corollary 4.12 There exists a surjective compact quantum group morphism 
from Q to 11^(2) sending A, fj,C, /i _1 B, and D to uy, 1*12, 1*21 and U22 respec- 
tively. 

Theorem 4.13 Q = U^{2) and hence QISO + (D) = U^(2) * C(T) 
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Proof : 

Follows from Lemma 14.101 and the Corollary. The second part follows from 
Theorem □ 



4.2 The Podles Spheres 

Let SU^(2) be as in the previous section. 

We recall the definition of the Podles sphere as in |13j . 

We take \i € (0, 1) and t £ (0, 11. Let [n] = [nL = ^Z^i ), n€R. 

Let S 2 C be the universal C* algebra generated by elements x-i,xo,x\ 
satisfying the relations: 



x^xq - t) = f/(x - t)x-\ 



xi(x -t) = n 2 (x - t)xi 



-[2]x_ixi + Gu 2 xo + t)(x -t) = [2] 2 (1 - t) 



-[2]xix_i + (fi~ 2 x + t)(x Q -t) = [2] 2 (1 - t) 

where c = t^ 1 — t, t > 0. 

The involution on S 2 c is given by 



* — i * 

X — {A X\^ Xq — Xq 

We note that S'f lc as defined above is the same as Xq,a',p °f [20J( page 
124 ) with q = n, a' = t, (3 = t 2 + /i~ 2 (^ 2 + 1) 2 (1 - t). 

Thus, from the expressions of x-i,Xq,x% given in Page 125 of |20j . it 
follows that S 2 C can be realized as a * subalgebra of SU^(2) via: 

fia 2 + p(l + / u 2 )a 7 - /u 2 7 2 
x-i = j (31) 

fi(i + n 2 y- 



2 



x = -pi* a + p(l - (1 + /i 2 h*7) - 7«* (32) 
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(1+M 2 )2 

where p 2 = w+ira-ty 

Setting 

1 — t XQ ^ /h 9n 1 1 

^4= : , 2 , # = M l+/i 2 ) 3t l x _! 
1 + fl z 

one obtains ( [13] ) that S 2 C is the same as the Podles' sphere as in [21] . 
i.e, the universal C* algebra generated by elements A and B satisfying the 
relations: 

A* =A, AB = fj,~ 2 BA, 

B*B = A-A 2 + cI, BB* = fi 2 A - ^A 2 + cl 

We now introduce the spectral triple on S 2 C as in |13j . 

Let s = c*\+ 1 , A+ = ± + (c+±)^ 
Vj E 

Uj = [a* - S7*)(a* - Ai _1 s7*) (a* - jr^'+V) 

Wj = (a — jUS7)(a — ^sj) (a — /i 2j Vy) 

u-j = E 2 i > tfj 
n = w = 1 

j/i = (1 + n~ 2 )^(c2[i 2 j* 2 ~ M7*a* - /icaa* 2 ) 

^ = ||i r, ~ fc >(in , ~ b ' l «i)|r 1 

Define ^ ^ = JV^.F 1 -* > (yl~ b1 ^), / € iJV 0j j, fe = -I, I. 

Let A/f at be the Hilbert space with orthonormal basis {v l m N : I = 

\N\, \N\ + 1, , m = -l, I}. 

Let 

H = M_i ®Mi. 

2 2 

A representation 7r of S 2 C on TL is defined by 

^( x iWm,N = tXi(l, m; N)v l ~l iiN + a$(l, m; N)v l m+i>N + af(l, m; iV)^i iJV 
where a~, a°, a/" are as defined in [TH] . 
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Finally as in Proposition 7.2 of |13j . the Dirac operator is defined by 
where cj, 02 € R, ci 7^ 0. 

Then (S^ )C , "H, D) will be the spectral triple with which we are going to 
work. 

In [3], we have shown the following: 

Theorem 4.14 Let the positive, unbounded operator R on Tt be defined by 
R{v n , 1) — /i 2i v n i- Then,Tfi equals h, i.e, the canonical Haar state on 

SU^{2) and 

QISO+ R (D) = SO„{3). 

Remark 4.15 We have also worked with the spectral triple on the Podle's 
sphere S^ as in [30], and obtained the same result, i.e. identified QISO^ 
of the spectral triple on S^ with SO^ (3). 

We have also worked in [4] with another class of spectral triple introduced 
in [7] for c > 0. 

Let H+ = H- = 1 2 (1N),H = H+@H-. 

Let e n be an orthonormal basis of — T~L— and ./V be the operator 
defined on it by N(e n ) = ne n . 

We recall the irreducible representations ir+ and 7r_ : Ti± — > 7i± as in 

m- 

n±(A) = \±[?ne n 
1 

■K±(B) = c±(n)2e n _i 

where A± = \ ± (c + c±(n) = A ± /? n - (A ±(W 2n ) 2 + c. 

Let 7T = 7T+ © 7r_ and D = 

Then (5 2 c , 7T, TC) is a spectral triple. 
We showed in [3] that 

Theorem 4.16 QISO + of this spectral triple exists and is isomorphic with 
C(2y * C(T)*°°, where C(T)*°° denotes the free product of countably in- 
finitely many copies o/C(T). 



[no) 
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Remark 4.17 The above example shows that unlike the classical case, where 
isometry groups are Lie groups and hence have faithful imbedding into a 
matrix group, QISO + in general may fail to be a compact matrix quantum 
group. In fact, it will be quite interesting to find conditions under which 
QISO + will be so. 

4.3 A commutative example : spectral triple on T 2 

We consider the spectral triple (A°°,H, D) on T 2 given by A°° = C°°(T 2 ),7Y = 

L 2 (T 2 )0L 2 (T 2 ) andD = ( A ° + 

\ d\ — id2 U J 

where we view C(T 2 ) as the universal C* algebra generated by two com- 
muting unitaries U and V, d\ and d 2 are derivations on A°° defined by : 

d l (U) = U, d 1 (V) = 0, d 2 (U) = 0, d 2 {V) = V. (34) 

e% = (1, 0) and e 2 = (0, 1) form an orthonormal basis of the eigenspace 
corresponding to the eigenvalue zero. 

The Laplacian in the sense of |14j is given by C(U m V n ) = —(m? + 
n 2 )U m V n . We recall that we denote the quantum isometry group from the 
Laplacian C in the sense of P3J by Q 1 ' . 

Lemma 4.18 Let W be a unitary representation of a CQG Q which com- 
mutes with D. Then the induced action on C°°(T 2 ), say a, satisfies : 

a{U) = U®z 1 (35) 

a(V) = V z 2 (36) 
where z\ , z 2 are two commuting unitaries. 

Proof: 

We denote the the maximal Woronowicz C* subalgebra of Q which acts on 
C(T 2 ) faithfully by Q. 



We observe that D 



■2 1 aei \ = / C(a) \ / e\ 
ae 2 J ~ V C{a) ) \ e 2 
The fact that U commutes with D implies that U commutes with D 2 
as well, and hence a commutes with the Laplacian C Therefore, Q is a 
quantum subgroup of Q Cd . Prom [3], we conclude that Q c ° = C(T 2 xZ 2 3 ) 
Thus Q must be of the form C(G) for a classical subgroup of the orientation 
preserving isometry group of T 2 , which is easily seen to be T 2 itself and 
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whose (co )action is given by U h-> U <8> Z\ and V i— > V (8 22' where zi', 22' 
are two unitaries generating C(T 2 ). Hence the lemma follows. □ 

Theorem 4.19 Qisb + (C°°(T 2 ),W, D) exists and is isomorphic with C(T 2 )* 
C(T) 9* C*(Z 2 * Z) fas a CQGJ. Moreover QLSO+ of this spectral triple is 
C(T 2 ). 

Proof: 

Let W be as in the previous Lemma. Then we have, 

W(ei) = ei ®q n + e 2 <S> q i2 (37) 



W(e 2 ) = e\ ® q 2 \ + e 2 ® 922 (38) 

By comparing coefficients of Ue± and J7e2, in the both sides of the equal- 
ity (D <g> id)W(Uei) = WDUei, we have, 

ziqu = ziq 2 i (39) 



= Z X q 22 (40) 

z\ is a unitary implies that gn = q 22 and 512 = 921 ■ 

Similarly, from the relation (D ® id)W(Vei) = WDVe\, we have q\ 2 = 

— 921i °22 = 9n- 

By the above two sets of relations, we have : 
912 = 021 = 0, qu = q 22 = q ( say ) 

But the matrix ( 11 | 
V 921 q22 ) 

is a unitary in M 2 (Q), so q is a unitary. 

Moreover, we note that W(aei) = a(o)W r (e i ) Va G C°°(T 2 ). Using the 
previous Lemma and the above observations, we deduce that any CQG 
which has a unitary representation commuting with the Dirac operator is a 
quantum subgroup of C(T 2 ) * C(T). 

Moreover, C(T 2 ) * C(T) has a unitary representation commuting with 
D, given by the formulae ( [35] ) - ( [38] ) taking q± 2 = q 2 \ = 0, qn = q 22 = q 
where q' is the generator of C(T) and z%,z 2 to be the generator of C(T 2 ). 
This completes the proof. □ 
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Remark 4.20 The canonical grading on C(T 2 ) is given by the operator 

{id (8> 7) on L 2 (T 2 ® C 2 ) where 7 is the matrix 

The representation o/C(T 2 ) * C(T) clearly commutes with the grading 
operator and hence is isomorphic with QISO(C(T 2 ), L 2 (T 2 <g> C 2 ), D, 7). 

Remark 4.21 This example shows that the conditions of Theorem \2.23\ are 
not necessary for the existence of QISO + . 

4.4 Another class of commutative examples : the spheres 

We consider the usual Dirac operator on the classical n-sphere S n . In fact, 
we shall first consider a slightly more general set-up as in the section 3.5, 
p. 82-89 of [18], which we very briefly recall here. Let G be a compact 
Lie group, K a closed subgroup, and let M be the homogeneous space 
G/K with a G- invariant metric. The algebra C°°(M) is identified with 
the algebra (say A°°) of K- invariant functions in C°°(G), i.e. functions / 
satisfying f(gk) = f(g) for all g G G, k G K. The Lie algebra g of G splits 
as a vector space direct sum g = k + m where k is the Lie algebra of K 
and m is suitable Ad(K)-invariant subspace of g (see [18J for more details). 
Thus we have the representation of K given by Ad : K — > SO(m), and the 
corresponding lift Ad : K — > Spin(m). The space of smooth spinors can 
then be identified with the space of smooth functions : G — > A satisfying 
i/j(gk) = KAd(k~ 1 )ip(g) for all g G G, k G K, where k : Spin(m) -> GL(A) 
denotes the spin representation. The action of C°°(M), identified with the 
if-invariant smooth functions on G, is given by multiplication, and the Dirac 
operator D is given by 

m 

1=1 

where m = dim(m) and {X±, X m } is an orthonormal basis of m with 
respect to the suitable invariant inner product described in [18J and • denotes 
the Clifford multiplication. From this expression of D, it follows by using the 
fact that Xi 's are acting as derivations on the algebra of smooth functions, 
that [D,f]ip = ujf ■ ip, where ujf = Yli{ x if) x i- m ^ct, the space O^, 
which is isomorphic with the (complexified) space of smooth 1-forms on M, 
can now be identified with the space of (smooth) Ad^- invariant functions 
from G to m = C m (which is also isomorphic with C°°(M) <g> C m ), and the 
map do is, w.r.t. this identification, is nothing but the map which sends 
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/ G A°° = C°°(M) to J2i x i(f) ® x i G -4°° (8) C m . The Hilbert space 
of 1-forms is isomorphic with L 2 (M) (g> C m , where L 2 (M) is the Hilbert 
space completion w.r.t. the G-invariant volume measure, and from the G- 
invariance of the volume measure it is clear that the adjoint X* of the (left 
invariant ) vector field (viewed as a closable unbounded map on L 2 (M)) 
is —Xi. It follows that the Laplacian is given by, dpdz> = — Y^ILi x t x i on 
^oo ^ C°°(M). It is in fact nothing but the Casimir Qq in the notation of 
[IF], since Yf = for any Y G k. 

Now, we want to apply the above observations to the special case of 
n-spheres. The Laplacian on such spheres considered in [23] ( Page 17 ) 
is indeed the Casimir operator and so by Theorem 2.2 and Remark 3.3 of 
[3] the corresponding quantum isometry group QISO c is commutative as a 
C* algebra. However, by Corollary 13.21 of the present paper, any object of 
the category must be a quantum subgroup of Q c °, so is in particular 
commutative as a C* algebra, so must be of the form C(G) for a subgroup 
G of the universal group of orientation preserving (classical) Riemannian 
isometries of S n , i.e. SO(n + 1). To summarise, we have the following: 

Theorem 4.22 The quantum isometry group QISO + j(S n ) is isomorphic 
with C(SO(n + 1)), i.e. coincides with the corresponding classical group. 

5 QISO + of deformed spectral triples 

In this section, we give a general scheme for computing orientation-preserving 

quantum isometry groups by proving that QISO^ of a deformed noncom- 
mutative manifold coincides with (under reasonable assumptions) a similar 

deformation of the QISO~^ of the original manifold. The technique is very 
similar to the analogous result for the quantum isometry groups in terms 
of Laplacian discussed in [3], so we often merely sketch the arguements and 
refer to a similar theorem or lemma in [3]. 

We recall the generalities on compact quantum groups from Section 2.2. 
In particular, given a compact quantum group (5, A), the dense unital *- 
subalgebra So of S generated by the matrix coefficients of the irreducible 
unitary representations has a canonical Hopf *-algebra structure. Moreover, 
given an action 7 : B — > B ® S of the compact quantum group (5, A) 
on a unital C*-algebra B, it is known that one can find a dense, unital 
*-subalgebra Bo of B on which the action becomes an action by the Hopf 
*-algebra So- We shall use the Sweedler convention of abbreviating 7(6) G 
^o®aig<So by 6n) (8)6(2), for 6 G Bo- This applies in particular to the canonical 
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action of the quantum group S on itself, by taking 7 = A. Moreover, 
for a linear functional f on S and an element c € S we shall define the 
'convolution' maps / o c := (/ (g> id)A(c) and co / := (id (8> /) A(c). We also 
define convolution of two functional / and 5 by (f og)(c) = (/ ® <?)(A(c)). 
We also need the following: 

Definition 5.1 Lei (5, As) 6e a compact quantum group. A vector space 
M is said to be an algebraic S co-module (or S co-module) if there exists a 
linear map a : M — > M <g) a i g So such that 

1. (5 <g> id)5 = (id (g> A s )a 

2. (id ® e)5(m) = £(771)15 Vm G M. 

Let (A, T n ,(3) be a C* dyanamical system and ir : A — > B(7i) be a 
faithful representation, where is a separable Hilbert space. 

Let „4°° be the smooth algebra corresponding to the T n action (3. Then 
for each skew-symmetric n x n real matrix J, we refer to [25] for the con- 
struction of the 'deformed' C*-algebra Aj and their properties. 

Assume now that we are given a spectral triple (A°° ,tto,TC, D) of com- 
pact type. Suppose that D has eigenvalues {Ao,Ai, } and Vi denotes 

the (finite dimensional) eigenspace of Aj and let Sqq denote the linear span 
of {Vi : i = 0,l,2,..} ' _ 

Suppose, furthermore, that there exists a compact abelian lie group T n , 
with a covering map 7 : T n — > T n . The Lie algebra of both T n and T n are 
isomorphic with W 1 and we denote by e and e respectively the corresponding 
exponential maps, so that e(u) = e(2iriu),u £ 1" and ^y(e(u)) = e(u). By a 
slight abuse of notation we shall denote the M n -action f) e r u ) by (3 U . 

We also make the following assumption: 
There exists a strongly continuous unitary representation Vg , g £ T n of T n 
on TL such that 

(a) V~ g D = DVg y~g, 

(b) V- g TT {a)Vg~ l = wo(J} g (a)), where a £ A,g G T n , and g = 7(5). 

We shall now show that we can 'deform' the given spectral triple along 
the lines of [TO]. For each J, the map vrj : A°° -> LinCH 00 ) (where W 00 
is the smooth subspace corresponding to the representation V and Lin(V) 
denotes the space of linear maps on a vector space V) defined by 

Trj(a)s = a x j s := / / j3j u {a)(3 v {s)e{u.v)dudv 
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extends to a faithful ^representation of the C*-algebra A°° in B{TL) where 
Pv = Ve( v ) ( which clearly maps TL°° into H°°). 

We can extend the action of T n on the C* subalgebra A\ of B(Tt) gen- 
erated by tto(A), {e ltD : t G M} and elements of the form {[-D,o] : a G .4 00 } 
by (3g(X) = VgXVg^ 1 \/X G -4i where by an abuse of notation, we denote 
the action by the same symbol (3. Let .4,1°° denote the smooth vectors of A 
with respect to this action.We note that V a G Af ', [-D, a] € *4f°. 

Lemma 5.2 (3 is a strongly continuous action (in the C* -sense) ofT n on 

Ai and henceV X G -4.1°°, ttj(X) defined by it j(X)s = f J fij u (X)f3 v (s)e(u.v)dudv 

is a bounded operator. 

Proof: 

We note that (3 is already strongly continuous on the C* algebra generated 
by 7To(^l), {e ttD : t G M}. Thus it suffices to check the statement for elements 
of the form [D, a] where a € A°°. 

To this end, fix any one parameter subgroup gt of G such that gt goes 
to the identity of G as t — > 0. Let T/, T-t denote the group of normal 
*-automorphisms on B(TC) defined by T/(X) = V gt XV g -i and T t {X) = 

e ltD Xe~ ltD . As V gt and D commute, so do their generators. In particu- 
lar, each of these generators leave the domain of the other invariant. Note 
also that ^4.°° is in the domain of the both the generators, and the generator 
of T t is given by [D, ■] there. Thus, for a G ^4°°, we have a, [D, a] G Dom(H) 
(where H is the generator of T/), and E([D,a\) = [D,E(a)] G B(H). 

Using this, we obtain \\T(([D,a\) - [D,a}\\ = f*T^(E([D,a]))ds < t\\3([D,a])\\ 
The required strong continuity follows from this. Then applying Theorem 
4.6 of [25] to the C* algebra A\ and the action f3, we deduce that ftj(X) is 
a bounded operator. □ 

Lemma 5.3 For each J, (Ay ,ttj ,Tl, D) is a spectral triple, i.e, [D,7Tj(a)] G 
B(H) V a G Ay. 

Proof: 

[D,TTj(a)](s) = Dff p Ju (a)f3 v (s)e(u.v)dudv-J J (3j u (a)f3 v (Ds)e(u.v)dudv. 

Using the expression J J f(u)g(v)e(u.v) = Hm^2 L (f ip m )(p)g(p) (where 
notations are as in [25] . Page 20 ) and closability of D, we have 

Djf (3j u (a)f3 v (s)e(u.v)dudv = f f D(j3j u (a)j3 v (s))e(u.v)dudv. 

Thus, the above expression equals J J D(f3j u (a)f3 v (s))e(u.v)dudv 

— J J f3j u (a)D(3 v (s)e(u.v)dudv as D commutes with V. 

So we have 
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[D,nj(a)](s) = J J[D,p Ju (a)]P v (s)e(u.v)dudv = J J ' V Ju \D .ojV-" 1 (3 v (s)e(u.v)dudv = 

which is a bounded operator by Lemma 15.21 □ 

Lemma 5.4 Suppose that (Q,U) G Obj(Q(.A, Ti, D)), and there exists a 
unital *-subalgebra Aq Q A which is norm dense in every Aj such that 
a.u(fto{Ao)) C 7To(^4o) ®aig Qo-> where Q C Q is the smallest Woronowicz 
C* subalgebra such that a(Ao) C 7To(*4o) ® Q, a^c? Qo w the Hopf *- algebra 
obtained by matrix coefficients of irreducible unitary (co) -representations of 
Q. Also, let Sq = spanjas : a G «4o, s G Soo}, TTien we Ziaue £/te following: 
(a) U(S ) C 5 ®ai g Qo- 

f&j a := f/|«s : <So — > 5o <S> a ig So makes Sq an algebraic Qo co-module, 
satisfying 

d(7To(a)s) = oeu(a)a(s) Va G Aq, s G <So- 

Moreover, if C(f") is a sit6 o&jeci o/ Q in Q(.A, then C(T n ) is 

a quantum subgroup of Q. 

Proof: 

U commutes with D and hence preserves the eigenspaces of D which shows 
that U preserves Soo- Then, U(as) = a(a)U(s) C (Aq ® Qo)(Soo ® Qo) ^ 
<5o <S> Qo- Thus, the first assertion follows. 

The second assertion follows from the definition of 5 and a u . 

We now prove the third assertion. Let us denote by 7* the dual map 
of 7, so that 7* : C(T n ) — > C(T n ) is an injective C*-homomorphism. It 
is quite clear that (id <S> vr^) o a(Ao) C Im(id (x) 7*), hence it follows that 
7Tg(Qo) C Im(7*). Thus, ttq := (7*)~ 1 o tTq is a surjective CQG morphism 
from Q to C(T n ), which identifies C(T n ) as a quantum subgroup of Q. 

□ 

Remark 5.5 From the definitions of Aq and Sq, it follows that 
(i) 7r (*4o)«So Q S , 
(U) g (Ao) C A Vg. 



Let us now fix the object (Q, U) as in the statement of Lemma [5. 41 From 
now on, we will identify Ay with ■kj{A co ) and often write 7To(a) simply as 
a. 

We define £l(u) := ev e ^ o ttq, U(u) := evg( u ) o ttq, for u G where 
evj; (respectively ev^ ) denotes the state on C(T n ) (respectively, on C(T n )) 
obtained by evaluation of a function at the point x (respectively x). 
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For a fixed J, we shall work with several multiplications on the vector 
space .4.0 0aig Qo- We shall denote the counit and antipode of Qo by e and 
k respectively. Let us define the following 

xQy = / e(— u.v)e(w.s)(Q(— Ju)oxo(Q( Jw))(Q(— v)oyoQ(s))dudvdwds, 

where x,y G Qo- This is clearly a bilinear map, and will be seen to be an 
associative multiplication later on. Moreover, we define two bilinear maps • 
and mj by setting (a<g>x) *(b®y) := ab®xQy and {a®x)»j(b®y) := (axji)§ 
(xQy), for a, b G .Ao> x, y G Qo- We have fi(u)o(fi(7;)oc) = (O(u)of2(f;))oc. 

Lemma 5.6 1. The map satisfies 

/ (f2( J«)ox)0(O(f )oy)e(u.v)dudv = / (xo(f2( Jtt))(yor2(t;))e(ti.f )dudv, 
Jm? n jR 2n 

for x,y G Q - 

5GSu(a)) = S(i) ft(u))(A(s (2) ). 

a([5 u (a)) = ai (id Q(u))A(a 2 ). 
5. For s G S, a G Qq, we have 



a(a xjs) = a^s^) (j J (a( 2 ) o Ju)(s^) o v)e{u.v)dudv). 

4- For s G «So, a G .4o> 

a(a) »j a(s) = a^s^ ® {J J (£l{Ju) o a( 2 )) (^(v) o S( 2 ))e(u.v)dudv}. 

5. For a G Aq, s & S we have a(a) «j a(s) = a(a Xj s). 
Proof : 

The proofs follow verbatim those in Lemmas 3.2 - 3.6 respectively in □ 

Let us recall at this point the Rieffel-type deformation of compact quan- 
tum groups as in [34J . We shall now identify with the multiplication of a 
Rieffel-type deformation of Q. Since Q has a quantum subgroup isomorphic 
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with T n , we can consider the following canonical action A of M on Q given 



Now, let J := — J © J, which is a skew-symmetric 2n x 2n real matrix, so 
one can deform Q by defining the product of x and y (x,y e Qo, say) to be 
the following: 



We claim that this is nothing but introduced before. 
Lemma 5.7 x y = x x jy Vx, y £ Qo 
Proof : 

The proof is the same as Lemma 3.7 in [3j. □ 

Let us denote by Qj the C* algebra obtained from Q by the Rieffel 
deformation w.r.t. the matrix J described above. It has been shown in [34] 
that the coproduct A on Qo extends to a coproduct for the deformed algebra 
as well and (Qj, A) is a compact quantum group. 

We recall Lemma 3.8 of [3], which is stated below for reader's conve- 
nience: 



Lemma 5.8 The Haar state (say h) of Q coincides with the Haar state on 
Qj ( say hj ) on the common subspace Q°° , and moreover, h(axjb) = h(ab) 
fora.beQ 00 . 



We note a useful implication of the above lemma. Let us make use of the 
identification of Qo as a common vector-subspace of all Qj. To be precise, 
we shall sometimes denote this identification map from Qo to Qj by pj. 

Corollary 5.9 Let W be a finite- dimensional (say, n- dimensional) unitary 
representation of Q, with W G M n (C) Qo be the corresponding unitary. 
Then, for any J, we have that Wj := (id p j)(W) is unitary in Qj, giving 
a unitary n-dimensional representation of Qj. In other words, any finite 
dimensional unitary representation of Q is also a unitary representation of 

Qj- 

Proof: 

Since the coalgebra structures of Q and Qj are identical, and Wj is iden- 
tical with W as a linear map, it is obvious that Wj gives a nondegenerate 



by 



A (Sj{l) = (Q(-s) id)A(id 0(u))A. 
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representation of Qj. Let y = (id (g> /i)(W^Wj). It follows from the proof 
of Proposition 6.4 of [29J that y is invertible positive element of M n and 
(yz (8 l)Wj(y~z <8>1) gives a unitary representation of Qj. We claim that 
y = 1, which will complete the proof of the corollary. For convenience, let 
us write W in the Sweedler notation: W = wm (8 w^) ■ We note that by 
Lemma 15.81 we have 

(id (8 h)(WjWj) 

= W*X)W(X)K W *{2) X J W (2)) 
= ^1)^(1)^(^(2)^(2)) 

= (id® h)(W*W) = (id®ft)(l®l) = 1. 

□ 

Let us consider the finite dimensional unitary representations ?JW := 
J7|Vi, where V* is the eigenspace of D corresponding to the eigenvalue Aj. 
By the above Corollary 15.91 we can view unitary representation of 

(i) 

Qj as well, and let us denote it by Uj . In this way, we obtain a unitary 
representation Uj on the Hilbert space Tt, which is the closed linear span of 
all the V{S. It is obvious from the construction (and the fact that the linear 
span of Vi's, i.e. So, is a core for D) that UjD = (D<S>I)Uj. Let aj := ajjj- 
With this, we have the following: 

Lemma 5.10 For a S Aq, we have uj(a) = (a(a))j = (ttj (8 /?j)(a(a)), 
hence in particular, for every state (ft on Qj, (id (8 </>) o aj(^4j) C 

Using Lemma [5TB1 we have, Vs G <So, a £ ^4oj 

C^j(7Tj(a)s) 
= 5(a x j s) 
= a(a) »j 5(s) 
= (a(a))jJ7j(s), 

from which we conclude by the density of Sq in Ti that aj(a) = (a(a))j € 
ttj(Ao) <8 Qj. The lemma now follows using the norm-density of Aq in Aj. 
□ 

Thus, (Qj, C^j) is an orientation preserving isometric action on the spec- 
tral triple (Af,H,D). 

We shall now show that if we fix a 'volume-form' in ternms of an R- 
twisted structure, then the 'deformed' action aj preserves it. 
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Lemma 5.11 Suppose, in adition to the set-up already assumed, that there 
is an invertible positive operator R on Ti such that (A°°,TC,D,R) is an R- 
twisted summable spectral triple, and let tr be the corresponding 'volume 
form'. Assume that ajj preserves the functional tr. Then the action ajjj 
preserves tr too. 

Proof : 

Let the (finite dimensional) eigenspace corresponding to the eigenvalue \ n 
of D be V n . As U commutes with D, there exists subspaces V n k of V n 
and an orthonormal basis {e™' fc } . for V n & such that the restriction of U to 

V n , k is irreducible. Write U(e]' k ® 1) = Ei e ?** ® Then ' ^(e"'*) = 

Then Ti will be decomposed as Ti = © n >i, kVn,k- 
Let R(ef l ) = Y, s j F n(hj:S,t)e^ s . 

By hypothesis, U(. <S> id)U* preserves the functional tr(-) = Tr{R •) 
on where 8d is as in Proposition 12.71 i.e, the weakly dense * subalge- 
bra of B(Ti) generated by the rank one operators |£ >< r]\ where £,77 are 
eigenvectors of D. Thus, (tr <g> id)(U(X ® ief)C7*) = r i? (X).l Q VA" G £ D . 

Then, for a € £d> we have: 

{T R ®h)(Uj{a®l)U*j) 
= Yl ( e f ® !' ® VUj{Ref ® 1)) 

= ^ F n (i,i, s ,t)(e^®(^r,(a®i)( e r' s ®(^r) 

n,i ,j,s,t,k,l 

= Fn{i,j,s,t)[el\aer)hj{{tl k )x.j{^) 

n,i,j,s,t,k,l 

= F n (iJ,s,t)(ef,ae? s )ho(tl k tZn 

n,i,j,s,t,k,l 

= (r R ®h)(U(a®l)U*) 
= r R (a).l 

where hj((t™ k ) Xj = ho(tj k t^*) as deduced by using Lemma [575! 

Thus (t r <g> h)Uj{a ® id)Uj* = T R (a).l 
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Let (tr <g> h)Uj(X (gi id)Uj* = (tr * h)(X). As Uj(- ® id)C/j* keeps £d 
invariant, we can use Sweedler notation: Uj(a <g> l)Uj = am <8> a(2), with 
a, am £ Ed, at 2 ) € Qj, to have 

{T R ® id){Uj{a® l)Uj*) 
= (tr*1i® id)(Uj(a ® l)C/> ) = 77? * h(a(i))a (2 ) 

= (r/j (8) ft ® id)(a (1)(1) ® a (1)(2) a (2) ) = (tr ® ft ® id) (id 8> Aj)(Uj(a ® l)C/>*) 
= TR{a(l))(h ® id) o Aj(a (2) ) = r /? (a (1) )/i(a (2) ).l Qj 
= (tr <g> /i)(a(i) (8 0( 2 )) = (tr * ft)(a).l Qj = r R (a).l Qj . 

□ 

Remark 5.12 If QISO^A 00 ,H, D) ( QISO + (A°° ,TC, D), if it exists ) has 
a C* action, then from the definition of a C* action, we get a subalgebra Aq 
as in Lemma \5.4\ Thus, the conclusions of Lemma \5.4\ and the subsequent 
Lemmas hold for QISO%(A°°,H,D) ( QISO + (A°° ,H, D). 

We have already seen that (Qj,Uj) is an object in Q(Aj, Tt, D). Now, 
proceeding as in the proof of Theorem 3.13 of [3] we obtain the following 
result ( using Lemma 15.111 for 1 ). 

Theorem 5.13 1. If QISO\{AJ ,H,D) and (QISO^A 00 ,H,D))j have 
C* actions on A and Aj respectively, we have 

QISO+(Ay,K,D) * (QJSO+(A°°,H,D))j 

QISO+(AT,H,D) (QISO+(A°°,n,D))j. 

2. If moreover, QISO + (A°° ,H, D) and QISO + (Af,H,D) both exist 
and have C* actions on A and Aj respectively, then 

Qisb + {Af,n,D) (^Qisb + {A co ,n,D)J 

QISO + (Af,H,D) (QISO + (A°°,n,D)) 7 . 



As an example, we consider the noncommutative torus A$, which is a 
Rieffel deformation of C(T 2 ) with respect to the matrix J = ( ^ 6 J 
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and we deform the spectral triple as in subsection 4. This is the standard 
spectral triple on Aq. 



Theorem 5.14 QISO (Af,H,D) = QISO (C°°(T 2 )) = C(T 2 ) * C(T), 
and QISO+{Af) = QISO + (C°°{T 2 )) = C(T 2 ). 

Proof: 

We use Theorem EI3] and recall that QISO + {C°°(T 2 )) = C(T 2 ) which is 
generated by z\ and Z2, say. 

Then, from the formula of the deformed product, it can easily be seen 
after a change of variable that z\ x j Z2 = Z2 x j z\ which proves the theorem. 

□ 

Remark 5.15 In a private communication S. Wang has kindly pointed out 
that one can possibly formulate and prove an analogue of Theorem \5.13\ in 
the setting of discrete deformation as in ]36$ . and this may give a solution to 
a problem posed by Connes (see JB}/, page 612). We believe that more work 
is needed in this direction. 
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